1 Combinatorics

1.1 Example. Five cards are labelled 1,2,3,4,5. They are shuffled and lined
up in an arbitrary order. How many ways can this be done? What is the
chance that they line up in the right order: 1,2,3,4,57

Answer: The number of ways is 5-4-3-2-1 = 5! =120. The chance of
the (only) right lineup is 1:120. If one plays a game betting $1 and winning
x dollars should the right lineup occur, then the game is fair if x = 120.

1.2 Rule 1 for Permutations. The number of ways to line up n objects is
P,=n-(n—1)---2-1=nl

This is called the number of permutations of n objects.

1.3 Example. In a race of ten horses, you bet that horse A arrives first and
horse B arrives second. What is the chance that your bet wins, assuming all
the horses are equally likely to come first and second?

Answer: Only the first and second horse to arrive will matter. The num-
ber of ways to pick the winner and the runner-up from 10 horses is 10-9 = 90.
The chance that your choice of horses (i.e., A first and B second) wins is then
1:90. If you bet $1, then you would expect to win $90, otherwise the game
will be unfair.

1.4 Rule 2 for Permutations. The number of ways to select and order
(line up) m objects from a pool of n objects is

|

~ (n—m)!

m
This is called the number of permutations of n objects taken m at a time (or
the number of m-element permutations of n objects).

1.5 Example. A deck of 10 cards contains two aces. We pick two cards
arbitrarily (at random). What is the chance that both are aces?

Answer: The number of possible choices of a pair of cards is 10x9/2 = 45.
Here we divide by two because each pair can be ordered in two ways, then
we can argue as in Example 1.3.



1.6 Rule for Combinations. The number of ways to select m objects
(without ordering) from a pool of n objects is

Com = (1) -ttt ) 0

m) m! :(n—m)!m!

)

This is called the number of combinations of n objects taken m at a time (or
the number of m-element combinations of n objects).

1.7 Remarks. It is standard to assume 0! = 1. Note that

()= (D)= ()="5" = ()= ()=

Note the symmetry rule:
n n
= 1.1

The above number is just the number of ways to partition a pool of n objects

into two groups, one of m objects and the other of n —m objects.

1.8 Partitions. What is the number of ways to partition a pool of n objects
into two groups (of arbitrary size)?

First solution: Since the size of the first group may take values m =
0,1,...,n, and for each m we have the formula (1.1), then the total number

()< ()" ()

Second solution. Each object in the pool can be put into the first or the
second group, i.e. there are two choices for each object. Hence, there are
2-2---2=2" ways to make the partition.

(S —

n
Comparing the above solutions, we arrive at a useful rule:

> (1) - (12



1.9 Binomial Coefficients. The numbers (::Z) are called binomial coeffi-
cients. They are involved in the famous Binomial expansion theorem, also
called Newton’s formula:

o3 (M) e

m=0

Note that (1.2) is a particular case of Newton’s formula, obtained by the
substitution a = b = 1.

1.10* Remark. Note that another substitution, a = 1 and b = —1, gives
one more interesting formula:

1.11 Pascal’s triangle. The binomial coefficients C,, ,,, = (:’1) can be nicely
arranged in the form of a triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

Here the n-th row contains the numbers (:1) for 0 < m < n. A magic prop-
erty of this triangle is that each number is the sum of the two closest numbers
on the row directly above it.

1.12 Coin tossing. A coin is tossed 100 times. What is the chance one
observes exactly 50 Heads and 50 Tails?

Solution: The results of 100 tosses can be recorded by a string of H’s and
T’s, for example HI'THHTHHH. . .T, of length 100. How many such strings
do we have? Tt is 2'%° since each letter is either H or T (two possibilities).
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Now, how many strings contain exactly 50 H’s and 50 T’s? This is the
number of ways to pick 50 positions out of 100 available (say, we pick 50
positions for H’s, filling the rest by T’s). This number is Cigo50. Hence, the
chance to observe 50 Heads is
1 /100
2100 ( 50 )

More generally, if one tosses a coin n times, then the chance to observe
exactly m Heads is
1 /n
— 1.3
(1) (13

The numbers like above are very hard to compute for large m and n. Even
a computer can fail due to an overflow or an underflow in the process of
calculation. One of the goals in probability theory is to find effective ways
to compute the above numbers approximately.

1.13 Question. Guess what the number 21%(15000) is, approximately. One
naive idea: a fair coin must land on Heads and Tails the same number of
times, so the chance to observe equal number of Heads and Tails is high,
close to 100%. Another naive idea: the number of Heads in 100 tosses may
be 0,1,2,...,100. Since 50 is one of them, the chance is 1:101, i.e. about 1%.
Both ideas are well off mark. A better idea: there are some very likely values
for the number of Heads, such as 50 and those close to 50, and very unlikely
values, those far from 50, which can be ignored. If the number of very likely
values is, say, 10, then the chance to observe 50 Heads is 1:10, or 10%. The
exact answer is 7.96%, we will arrive at it in Section 15.

1.14 Example. A small company employs 10 men and 10 women. It forms
a team of three employees for a special project by picking the employees at
random. What is the chance that all members of the team are women?

Solution: A quick idea is that each member of the team is a women with
probability 1/2. Then all the three members are women with probability
(1/2)® = 1/8. Right? Wrong. There are exactly Cyy3 ways to select three
employees out of 20, and (' 3 ways to select three women out of 10 available.
So, the chance to pick three women is



This is close to 1/8, but somewhat smaller.

1.15 Example. Two dice are rolled. What is the chance the the sum of the
numbers shown equals 97

Solution: Each die has six faces and shows a number from 1 to 6. Two
dice show a pair of numbers from 1 to 6. There are 6 x 6 = 36 such pairs.
One can make a chart of all pairs and locate there pairs that sum to 9:

11213141516

O O | W N+~
X

X

There are 4 pairs that sum to 9, so the chance is 4/36=1/9.

1.16 Urn Problem. An urn contains 10 white balls and 20 black balls.
Four balls are taken from the urn at random. What is the probability that
two white and two black balls are taken?

Solution: There are U3y 4 ways to take four balls out of 30 available. Now,
there are Co2 ways to pick two white balls and Cy 2 ways to pick two black
balls, so there are Cjg - Cy2 ways to pick two white and two black balls
from the urn. The probability is then

Cro2Co,2 190

— 7 ~0.312
Co.4 609

1.17 Committee and Chairman. A group of n people is going to form a

committee of k persons with a chairman. How may ways can this be done?
Solution: There is C,, ; ways to form a committee and then k ways to

select a chairman within the committee. So, the total number is k£ C,, .

1.18° Committee of variable size. Assume now that the size of the
committee, k, is not fixed, i.e. it can take any value from 1 to n. Then
the total number of ways to select a committee (of arbitrary size) with a



chairman is
n
E kEC k
k=1

Alternatively, one can form a committee with a chairman as follows. Pick a
chairman first from the entire group of n people, and then allow the chairman
to select people to his/her committee. The chairman will select a committee
from the remaining n — 1 people, thus partitioning them into two groups —
the committee itself and the rest of the group. By 1.8, there are 2"~ ! ways
to partition a group of n — 1 people into two parts. Thus, the total number
of ways to select a chairman and a committee is n2"!. Comparing this to
the formula above, we arrive at an interesting relation:

> kCpp=n2""" (1.4)
k=1



2 Probability Space

Probability theory studies experiments whose results cannot be completely
calculated (predicted), so that they may end up with more than one possible
outcome.

2.1 Coin tossing. Toss a coin three times. What are possible outcomes?
What is the chance to observe exactly two Heads?

Solution: We know from 1.12 that the result of three tosses can be
recorded by a string of H’s and T’s of length three. There are 8 such strings:

HHT HTT
HHH HTH THT TTT
THH TTH

Three strings (in the second column) contain exactly two Heads, so the chance
to observe two Heads is 3/8.

2.2 Stubborn coin flipper. A stubborn person tosses a coin until it lands
on Head. What are possible outcomes? What is the chance that three or
more tosses will be necessary?

Solution: The coin may land on Head at once, or else it may land on Tail
once or several times before it lands on Head. The experiment ends when
Head appears. The possible outcomes are:

H, TH, TTH, TTTH, ..., T...TH, ...
N——

n—1

The probability of any string of T’s and H’s of length n is 1/2". So, the
above outcomes have the corresponding probabilities

1/2, 1/4, 1/8, 1/16, ..., 1/2" ...
One knows from calculus that the sum of these numbers equals one, i.e.
= + = + ! + -+ ! +.-=1
2 4 8 2n B

The probability that three or more tosses are necessary is found by the sum-
mation



2.3 Archery. One shoots at a target that is a round disk of radius 30 inches.
Assuming that the arrow lands anywhere in the target arbitrarily, what is
the chance that the bull’s-eye, the inner disk of radius 10 inches, will be hit?

Solution. The outcome of this experiment is the point where the arrow
lands. All the points on the surface of the target are possible outcomes. It
is important to note: one cannot assign positive probabilities to individual
points (outcomes). Instead, one associates the probability to hit any region
on the target surface with the area of that region. So, the probability to hit
the bull’s-eye is proportional to its area, or more precisely it is the relative
area of the bull’s-eye on the target:

102

1
7302 9

(Remember: the area of a disk of radius r equals 772.)

We summarize the above three examples. A random experiment always
has more than one possible outcome. The collection (set) of all possible
outcomes can be described and represented by a list, chart or a geometric
figure. In probability theory, one is interested in probabilities of certain parts
of that collection of outcomes, or subcollections (subsets) of outcomes. The
probability is a number between 0 and 1.

2.4 Probability space. The set of all possible outcomes of a random ex-
periment is called a probability space, we denote it by €. Its elements, or
points, are called outcomes, they are denoted by w. The result of the ran-
dom experiment is always one point w of €.

An event is a part of Q (called a subset of Q). It is often characterized by
a certain condition (such as “two Heads are observed in three tosses” or “the
bull’s-eye is hit”). Events are denoted by A, B, C, etc. We say that an event
A occurs if the random experiment results in an outcome w that belongs in
A. If w happens to be outside of A, the event A does not occur. Each event
has a probability, which is a number between 0 and 1. The probability of an
event A is denoted by P(A).

2.5 Rules for events and probabilities.
(a) The entire  is called a certain event. It always occurs because it contains



every possible outcome w. So, its probability is one: P(Q2) = 1.

(b) There is a special notation {) for the event that never occurs. It contains
no outcomes. Its probability is zero, P(()) = 0. The event () is said to be
impossible. 1t is also called an empty set.

(c) If A is an event, then the rest of Q) is called the complement of A and
denoted by A¢. If A occurs, A° doesn’t, and vice versa. The probability of
A€ is given by P(A°) =1— P(A).

(d) If A is a part of B, we write A C B (inclusion). This means that A im-
plies B (i.e., if A occurs, then B also occurs). Then we have P(A) < P(B).
(e) The common part of two events, A and B, is called their intersection,
denoted by AN B, or just AB. It occurs whenever both A and B occur.
(f) The event consisting of all the outcomes that are either in A or in B is
called the union of A and B, denoted by AU B. It occurs whenever A or B
occurs.

(g) If two events A and B have no common part (no common outcomes;
note that in this case AN B = ()), then A and B are said to be disjoint, or
mutually exclusive. They cannot occur simultaneously. In this case we have
P(AUB) = P(A) + P(B).

2.6 Venn’s diagrams. The above diagrams illustrate the rules of 2.5. The
big rectangle always represents the probability space €2. The disks inside the
rectangle represent events A, B, etc.

2.7* De Morgan’s laws. The following De Morgan’s laws may be useful:
(AUB)*=A°NB° and (ANB)=A°UDB"

They are easy to verify by examining Venn’s diagrams.

2.8* Distributive laws. The following distributive laws may be useful:
AN(BUC)=(ANB)U(ANC) and AU(BNC)=(AUB)N(AUC)

To verify these, draw three overlapping circles representing A, B,C and
shadow the related areas.

2.9 Summation rule. For two events, A and B, we have

P(AUB)=P(A)+P(B)—-P(ANB)
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P(A¢) =1 — P(A)

%

ANB, AB; Aand B

For three events, A, B, C', we have

AC B; P(A)< P(B)

P(AUBUC) = P(A)+P(B)+P(C)—P(ANB)—P(ANC)—P(BNC)+P(ANBNC)

Similarly, for four events Ay, ..

P(A)UAUAZUA,) =Y P(A;

., A4 we have
)= P(ANA))+ ) P(ANANAL)—P(AiNANAZNA,)
i#j i#j#k

This type of formulas are called inclusion-exclusion formulas.

2.10 Example. Two dice are rolled. What is the chance that at least one

six will be shown?

Solution: One can use a chart as in Example 1.15:

1

2

3

4

5

6

Y| O = | W DN —

XX | X|X|X|X
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Clearly, the chance is 11/36. Alternatively, let A = {The first die shows 6}
and B = {The second die shows 6}. Then

1 1 1 11
PAUB) = P(A) + P(B) = P(ANB) = =+ < — = =

2.11 Example 2.2 continued. Note that we can solve the problem 2.2 by
the rule 2.5(c) as follows:

11 1
P(> 3 tosses) = 1 — P(1 toss) — P(2 tosses) = 1 — 511

Another interesting remark about Example 2.2: it is possible (at least the-
oretically) that the coin always lands on Tails and the stubborn flipper will
never stop. So, there is one outcome that we have overlooked: TTT... (in-
finitely many T’s). This outcome has probability zero, though, so it can be
ignored without any harm.

2.12 Example. Let P(A) = 0.5, P(B) = 0.3 and P(AN B) = 0.1. Find
P(A°N B°) and P(A°U B°). Answers: 0.3 and 0.9, respectively. (Draw a
Venn'’s diagram to see this.)

2.13 Example. Let P(A) = 0.8, P(B) = 0.7. Find the maximum and
minimum possible values for P(AN B).

Solution: The maximum is 0.7, it occurs when B C A. To find the
minimum, note that

P(ANB) = P(A) + P(B) — P(AUB) = 1.5 — P(AU B)

Since P(A U B) cannot exceed 1, you cannot subtract more than the unity
from 1.5. So, we obtain P(ANB) > 1.5—1 = 0.5. This is the minimum value.

2.14 Birthday problem. A class has 30 students. What is the chance that
some two students have birthdays on the same day?

Solution. Intuitively, the coincidence of two birthdays seems to be very
unlikely. If so, our intuition must be misleading. Because the chance of a
coincidence is actually quite high.

To solve the problem, notice that P(coincidence) = 1— P(no coincidence),
and the latter probability is

P3gs530 365364 ---336

— ~ 0.2937
36530 365 - 365---365

P(no coincidence) =
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Hence, the chance of a coincidence is 1 — 0.2937 = 0.7063. (Here is an
explanation to the above formula: 3650 is the number of ways 30 students
may have birthdays, and Psgs 30 is the number of ways 30 students may have
birthdays on 30 distinct days. The day of February 29 in leap years is ignored,
for simplicity.)

Why was our intuition so misleading? Well, maybe we compared a small
number of students, 30, to a large number of days, 365. Instead, we should
have thought of the number of pairs of students, which is Csyo = 435. Each
pair has a common birthday with probability 1/365.
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3 Conditional Probability and Independence

3.1 Example. A friend tosses a coin three times. You accidentally notice
that the first time the coin shows Head. What is the chance that the friend
observes 2 Heads?

Solution. In Example 2.1, we found all eight possible outcomes. Now,
with the additional information at our disposal, we can exclude the outcomes
starting with a T. Only four possible outcomes remain: HHH, HHT, HTH,
HTT. Two of them contain exactly two Heads. So, the chance is 2/4=1/2.

Note that here we have two events: A = {2 Heads are observed} and
B = {First toss is Heads}. We know that P(A) = 3/8, see Example 2.1.
Now, the event A is considered under the condition that the event B has
occurred. Then the conditional probability of A, given B, is found by calcu-
lating the fraction of A within B, i.e. the fraction of A N B within B.

3.2 Conditional probability. The conditional probability of an event A,
given an event B, is
P(ANB)
P(A/B) = ———=
(4/B) P(B)

3.3 Multiplication rule. The above formula can be rewritten as
P(ANnB)=P(B)-P(A/B)
Due to the symmetry, one can rewrite this as

P(ANB) = P(A) - P(B/A)

3.4 Example. A deck of 52 cards has 13 spades. If two cards are drawn

from the deck at random, what is the chance that both are spades?
Solution. Let A = {First card is a spade} and B = {Second card is a

spade}. Clearly, P(A) = 13/52 = 1/4. If the first card is a spade, then the

chance to draw another spade is 12/51 (the remaining deck of 51 cards has

12 spades left). This means that P(B/A) = 12/51. Hence,

112 12

P(ANB) = P(A)- P(B/A) = 7+ = = 5=
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3.5 Extended multiplication rule. If A, As, ..., A, are events, then

P(ANAoN- - NA,) = P(A1)-P(As/A1)-P(As/AiNAs) - - P(An /AN N Ap_1)

3.6 Birthday problem revisited. The problem 2.14 now can be solved by
using the extended multiplication rule:

365 364 363 336

P(no coincidence) = — - — + — -+ —

365 365 365 365
Here we take students one by one, and multiply the conditional probabilities
that the birthday of each student is different from the birthdays of the pre-
viously taken students.

3.7 Partition. Let By,..., B, be disjoint (i.e., mutually exclusive) events;
ie. BiNB; =0. Let UB; = Q, i.e. these events cover (exhaust) the entire
probability space. We call {By, ..., B,} a partition of (.

3.8 Law of total probability. Let {Bi,..., B,} be a partition of (2, and
A an event. Then

P(A)=P(By)-P(A/By)+---+ P(B,) - P(A/B,)

One can think of By, ..., B, as conditions under which the event A may oc-
cur. The events By, ..., B, are also called hypotheses.

3.9 Example. Alex goes to school by bus or train, whichever comes first.
He notice that the bus comes first with probability 30% and the train with
probability 70%. When Alex takes train, he arrives late to school with prob-
ability 5%. When he takes bus, he is late to school with probability 20%.
What is the probability that he is late to school?

Solution. The event in question here is A = {Alex is late to school}. This
may happen under two conditions (hypotheses): B; = {Alex takes bus} and
By = {Alex takes train}. Hence,

P(A) = P(By)- P(A/B;)+ P(Bs) - P(A/Bs) = 0.3 x0.2+0.7 x 0.05 = 0.095
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3.10 Two-stage experiments. Amanda rolls a die and then flips a coin
the number of times shown on the die. What is the chance she observes two
Heads?

Solution: In the first stage, the die shows one of the six numbers 1, ..., 6.
These are six events, which we denote by By, ..., Bs. They are disjoint and
exhaust all the possibilities, so they make a partition. In the second stage,
the event A = {Two Heads are observed} may (or may not) occur. Applying
the law of total probability gives

P(A) = P(By)-P(A/By)+---+ P(Bs) - P(A/Bs)
1 1 1 13 1 Cip 1 Cso 1 Cgo 33
_6O+6 4+68 6 24+6 25+6 260 1928

Note that we used the formula (1.3) from Example 1.12 to find the probabil-
ity of observing 2 Heads in n tosses for n =2,...,6.

3.11 Example. Roll a die twice. If the first roll is a six, what is the chance
the second roll will be a six?
Solution. Let A = {The second roll is a six} and B = {The first roll is a
six}. Then
P(ANnB) 1/36 1

PAB) = =pmr =16 ~ 6

Note that P(A) = 1/6, so that
P(A/B) = P(A)

In other words, the probability of A does not change when the event B oc-
curs, the event B does not affect the chance of A to occur.

3.12 Independent events. Two events, A and B, are said to be indepen-
dent if
P(A/B) = P(A)

By using 3.2, we can rewrite this equation as
P(ANB) = P(A) P(B)

and also as
P(B/A) = P(B)
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All these three equations mean the same: the independence of A and B.

Note: The equation P(AN B) = P(A)P(B) is better than the other two: it
is symmetric. It also works when P(A) =0 or P(B) = 0. So, it is preferred
for practical purposes.

3.13 Example. Flip two coins. Let A = {First coin shows Head} and
B = {Both coins show the same face}. Are A and B independent?

Solution. One easily finds that P(A) = 1/2, P(B) =1/2 and P(ANB) =
1/4. Then we check that 1/2 x 1/2 = 1/4. Yes, they are independent.

Note: Sometimes the independence is obvious, like in 3.11 (because there
is no way the result of the first roll can affect the second). Sometimes the
independence is harder to recognize, as it is in 3.13 above. One can explain
the independence in 3.13 noting that the second coin may or may not show
the same face as the first with probability 1/2, no matter what face the first
coin shows.

3.14* Remark. If two events A, B are independent, then A€, B¢ are also
independent, i.e. P(A°N B¢) = P(A°)P(B¢). Moreover, A and B¢ are inde-
pendent, i.e, P(ANB¢) = P(A)P(B¢). Similarly, A° and B are independent,
ie. P(A°N B) = P(A°)P(B).

3.15 Independence of three events. Three events A, B, C' are said to be
mutually (or jointly) independent if

(a) any two of them are independent in the sense of 3.12, and

(b) the following holds:

P(ANBNC) = P(A) P(B) P(C)

Neither one of the conditions (a) and (b) alone is enough for joint indepen-
dence. One needs to check both (a) and (b) to verify the joint independence
of A, B,C.

Example 3.13 continued. Let C' = {Second coin shows Head}. Are
A, B, C jointly independent?
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Solution: We have seen in 3.13 that A and B are independent. Similarly,
B and C are independent. Obviously, A and C are independent. So, the
requirement (a) in 3.15 holds. On the other hand, P(AN BN C) = 1/4,
and 1/2 x 1/2 x 1/2 # 1/4, so the requirement (b) in 3.15 fails. The events
A, B, C are not jointly independent.

3.16 Example. Flip three coins. Let A = {First coin shows Heads}, B =
{Second coin shows Tails}, C' = {At least two coins show Heads}. Are
A, B, C' independent?

Solution: One easily finds that P(A) = P(B) = P(C) = 1/2 (for P(C),
recall Example 2.1). Also, P(AN BN C) = 1/8, so the requirement (b) in
3.15 holds. But A and C' are dependent, so the requirement (a) fails.

3.17 Independence of several events. Several events Ay, ..., A, are said
to be mutually (or jointly) independent if for any subcollection A4; ,..., A
of them the following holds:

P(A;, NN A;,) = P(Ay) - P(A;,)

i

3.18 Example. A rocket has a built-in redundant system. It has three com-
ponents, K1, Ky, K3. If component K fails, it is bypassed and component K,
is used, etc. So, as long as one component works the system is functioning.
Suppose that the probabilities of failure of the components are 10%, 20%
and 5%, respectively. Find the probability that the entire system works.

Solution. First, note: P(system works) = 1— P(system fails). The system
fails if all the three components fail. The failures are mutually independent
events, so

P(system fails) = 0.1-0.2-0.05 = 0.001

So, the entire system will function with probability 99.9%. Note a very high
reliability!

An additional note: it is more difficult to find the probability that two compo-
nents fail. Because they can fail in various combinations: {1,2}, {1, 3}, and
{2,3}. In each case the remaining component is assumed to work. Therefore,
the probability that two components fail is

P(two fail) = P(1,2 fail) + P(1,3 fail) + P(2, 3 fail)
0.1-0.2-095+4+0.1-0.8-0.05+0.9-0.2-0.05 = 0.032
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3.19* Remark. This generalizes Remark 3.14. If Ay,..., A, are indepen-
dent, one can replace any number of these events by their complements (e.g.,
A; by AS, ete.) and the new collection of events will be also independent.

3.20 Bayes formula. Recall the law of total probability in 3.8 and suppose
we need to compute P(B;/A) for some i = 1,...,n. By using the formulas
in 3.2-3.3 we get

BinA)  P(B;)- P(A/B)

P
PEI =P T P

Now we replace the denominator P(A) by its expansion given by the law of
total probability and obtain

P(B;) - P(A/B;)
P(By)-P(A/B,) +---+ P(B,) - P(A/B,)

P(Bi/A) =

This is called Bayes formula. Note that the numerator here is one of the
terms that appear in the denominator

3.21 Interpretation. We first recall how we interpreted the law of total
probability in 3.8. An event A can occur under different conditions (hypothe-
ses) By,...,B,. The probability that A occurs under each condition B; is
known. The likelihood of each condition to take place is known, too. Then
we can compute the total (or unconditional) probability of A by 3.8.

Now, the situation “turns around”. Suppose we know that the event A
has occurred. But we are not aware of under what condition this happened.
So we need to estimate the probability that the condition B; took place when
the event A occurred. This is what the Bayes formula does.

3.22 Example. Three factories, F;, Fy, and F3, produce computer chips.
The factory F; produces 50% of all the chips on the market, the factory F,
accounts for 40% of the market, and the factory Fj for 10%. It is known
that 1% of the chips made by the factory F) are defective. For the factories
Fy and Fj3 the rates of defective chips are 2% and 3%, respectively. Suppose
Betty’s computer has a defective chip. Betty wonders: which factory is most
likely to have produced it?

Solution. First, Betty assumes that it should be Fj, which accounts for
most of the chips on the market. After a second thought, Betty assumes that
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it is F3, whose chips are the least reliable. The exact solution shows that it
is I,

Let By, By, B3 denote the events that Betty’s computer chip was produced
by Fi, Fy, and F3, respectively. Denote by A the event that the chip turns
out defective. Then P(A/B;) = 0.01, P(A/B,) = 0.02, P(A/B;) = 0.03.

Now, by the Bayes formula, we have

P(B,/A) = 0.5-0.01 5
! ©0.5-0.01+04-0.02+0.1-0.03 16
0.4-0.02 8
P(By/A) = _°
(Ba/A) 0.5-0.001 -0.4-0.02+0.1-0.03 16
0.1-0.03 3

P(B3/A) =

T 05-001+04-00240.1-0.03 16
Well, the highest chance is shown for the factory F,. So, Betty should blame
the factory Fj, it was most likely to make her defective chip.

3.23 Example. Statistics show that 3% of men smoke but only 1% of women
do. During a non-smoking flight on an airplane, one passenger is smoking
in the restroom. There are 40 male and 60 female passengers on the plane.
What is the chance that the person smoking in the restroom is a man?
Solution. Let M, F' denote the events that an arbitrarily chosen passenger
is a man or a women, respectively. On this airplane, P(M) = 0.4 and
P(F) = 0.6. Let S denote the event that a passenger is a smoker. Then
P(S/M) =0.03 and P(S/W) = 0.01. By the Bayes formula we have
0.4-0.03 12 2

(M/5) 04-003+06-0.01 18 3

3.24 Example. Suppose for simplicity that the number of children in a
family is 1, 2, or 3, with probability 1/3 each, and boys and girls appear
equally likely. Little Bobby has no brothers. What is the probability that he
is an only child?

Solution. Let By, Bs, B3 be the events that a family has one, two, or three
children. Let A be the event that a family has only one boy. We assumed that
P(By) = P(B3) = P(B3) = 1/3. Now it is simple to find P(A/B;) = 1/2,
P(A/B3) =1/2 and P(A/Bs) = 3/8. Then

1/3-1/2 4

P(B./A) = 1/3-1/24+1/3-1/2+1/3-3/8 T
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3.25 A surprise? Let us change the previous example a bit. Suppose now
that little Bobby has no sisters. What is the probability that he is an only
child?

Solution. One would assume that it is exactly the same as in Example
3.24, i.e. 4/11. Why? Remember, boys and girls appear equally likely. In
3.24, you knew that Bobby could only have sisters, now you know that Bobby
can only have brothers, right? What difference does it make, whether Bobby
has siblings of one sex or the other?

Well, it does make a difference if you look at numbers. Let again By, By, B3
be the events that a family has one, two, or three children. Let A be the
event that a family has no girls. Then it is simple to find P(A/B;) = 1/2,
P(A/By) =1/4 and P(A/Bs) = 1/8. Then

1/3-1/2 4

P(Bi/A) = 1/3-1/2+1/3-1/4+1/3-1/8 7

Surprise? Yes, it is not so easy to understand why it is more likely that a
boy with no sisters is the only child than a boy with no brothers...
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4 Discrete Random Variables

4.1 Counting Heads. Consider again Example 2.1 where a coin is tossed
three times. Suppose you play a game in which you win $1 each time the
coin shows Head. Then your total win is X dollars where X is the number
of Heads in three flips. Possible values of X are 3,2,1,0, with respective
probabilities 1/8,3/8,3/8,1/8.

Note that X may take four distinct values, as opposed to 8 distinct out-
comes in the experiment. The number of values is less than the number of
outcomes. This is so because we do not care in which order Heads and Tails
come, all we care about is the total number of Heads. Hence, for example,
three outcomes HHT, HTH, THH are not distinguishable, they are “com-
bined” into one value of X (which is 2).

4.2 Success/Failure Trials. Let us generalize Example 4.1. Suppose that
you perform three trials, in each of which you may succeed or fail. For exam-
ple, you take three tests on the pass/fail basis. Or you throw a basketball.
Or roll a die in a game where you win $2 if the die shows 5 or 6 and lose $1
otherwise. Each trial has two possible outcomes: success (S) and failure (F).
The experiment consisting of 3 trials has 8 outcomes. We arrange them in
the format of Example 2.1:

SSF  SFF
SSS SKFS FSF FFF
FSS FFS

In many cases, we only care about the total number of successes, let us call
it X. Then X takes values 3,2,1,0.

The essential difference of this situation from Example 4.1 is that the
probability of success is not necessarily equal to 1/2. Assume that the prob-
ability of success in every trial is the same, call it p. Then the probability
of failure is 1 — p, we denote it by ¢. So, p and ¢ take values between 0 and
1 and are related by p + ¢ = 1. Suppose also that successes and failures
in individual trials are independent. Then the probabilities of outcomes in
our experiment can be found by a simple multiplication rule, for example
P(HHT) = ppq = p*q, P(THT) = qpq = pq?, etc. This way we can find the
probabilities that X takes values 0,1,2,3. We summarize them in the table
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below:
values ‘ 0 1 2 3

probabilities | ¢* 3p¢® 3p’q p?
Note that X = 1 combines three outcomes, all with the same probability
pq®. Similarly, X = 2 combines three outcomes, all with the same probabil-
ity p?q. Finally, note that ¢® + 3pg® + 3p*q¢ + p® = (¢ + p)® = 13 = 1, so the
probabilities sum up to one, as they should.

4.3 Bernoulli trials. Any simple trial with only two possible outcomes is
called a Bernoulli trial. It is customary to label the outcomes by “success”
and “failure” (S and F). Suppose we perform n simple trials where in each
trial success has probability p (the same from trial to trial) and the outcomes
of trials are mutually independent. This experiment is called a sequence of
Bernoulli trials. An outcome of a sequence of n Bernoulli trials can be rep-
resented by a string of S’s and F’s of length n (as explained in 1.12 and 4.2).
The probability of an outcome given by a sequence of S’s and F’s can be
found simply by multiplying the corresponding p’s and ¢’s (here and every-
where ¢ = 1 — p is the probability of failure). Hence, if the string has k

successes (S’s) and n — k failures (F’s), its probability is pF¢™*.

4.4 Binomial random variable. Suppose n Bernoulli trials are performed.
The total number of successes is often what one needs to know. Call it X.
Possible values of X are 0,1,...,n. The value of X depends on the outcome
of the experiment. This way we can consider X as a function on €2, with
numerical values. For example, if n = 3, then X (SSS) = 3, X(FSF) = 1,
X(FFF) =0, etc.

4.5 Random variables. A random wvariable is a function on the proba-
bility space €2, whose values are numbers. We denote random variables by
XY, Z, UV, etc. Hence, if X is a random variable then for every outcome
w its value X (w) is a number that can be computed.

Note that a random variable X can take the same value on several (or
many) distinct outcomes, i.e. X(w) = X(w') for some w # w'. So, knowing
the value of X it may not be possible to identify the outcome w. Thus, a
random variable provides an incomplete information about the outcome of
the experiment. This is not bad. In many cases a random variable simply
suppresses unnecessary details (such as the order in which Heads and Tails
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come in Example 4.1).

4.6 Probabilities of a binomial random variable. Back to Example 4.4,
we call X there a binomial random variable, resulted from n Bernoulli trials.
Next we find the probability that X = k for each 0 < k < n.

Solution: We note that X = k when the outcome of the experiment is a
string that contains k£ S’s and n — k F’s. Each such string has probability
g, cf. 4.3. There are C,,, of such strings, cf. 1.12. Hence,

k
This formula is good for all £ = 0,1,...,n. Note that the sum of these

probabilities is

n n . N

> (k> ¢t = (g +p)" =1
k=0

by the Binomial theorem 1.9. This is why X is called the binomial random
variable.

Note that the probability P(X = k) in (4.1) depends on two quantities,
n and p (because ¢ is merely a shorthand for 1 — p). We call n and p the pa-
rameters of the binomial random variable X and denote X = binomial(n, p)
or shortly X = b(n,p).

P(X =k) = (") PF¢h 0<k<n (4.1)

4.7 Geometric random variable. Generalizing the stubborn flipper ex-
ample 2.2, consider independent Bernoulli trials that are performed until a
success occurs. The outcomes in this experiment are

S, FS, FFS, FFFS, ... F...ES, ...

n—1
Let X be the number of trials performed. We call X a geometric random
variable. 1t takes values 1,2,...,n,.... Each value X = n is taken on exactly
one outcome, F...ES. The probability of this outcome is ¢---gp = pg"'.
S—— N——

n—1

n—1
Hence,
P(X =n) = pg"* n>1 (4.2)
Note that the sum of these probabilities is
e 1 p
n=1 —4q p
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so the probabilities sum to one, as they should. The probability P(X = n)
in (4.2) involves the only parameter p. We denote X by X = geometric(p)
or shortly X = g(p).

4.8* Problem. For a geometric random variable X, compute P(X > k).
Solution. We have

PX>k) = > PX=n= Y pg""
k
Py
= pq’“(1+q+q2+---)=1_q=q’“

4.9 Discrete random variables. Generalizing 4.4 and 4.7, we say that
a random variable X may take some values xi,xs,... with corresponding
probabilities py, ps,.... (The list of values may be finite as in 4.4 or infinite
as in 4.7.) It is sometimes convenient to put them all in a table:

X‘l’l Ty T3
p ‘ b1 D2 D3

An important requirement here is that the probabilities sum to one:
prtpetpst--=1

Random variables that allow such representation are said to be discrete. We
will see a different type of random variables in Section 5.

4.10 Probability density function. The function that assigns the proba-
bility pg to the value xy, is called probability density function or just probability
function. For example, the formulas (4.1) and (4.2) give probability density
functions for binomial and geometric random variables, respectively.

4.11 Uniform (discrete) random variable. Let n > 1. A very sim-

ple random variable takes values 1,2, ..., n with equal probability, 1/n. Its
probability density function is

P(X=k)=1/n 1<k<n
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We call X a uniform (discrete) random variable. An example of such a vari-
able is the number shown when a die is rolled, cf. 1.15, there we had n = 6
and P(X = k) =1/6.

4.12 Remark. It is important to show the range of the variable in the for-
mula for the density function, such as 0 < k < nin (4.1), n > 1 in (4.2),
etc. It is assumed that the probability density is zero for all other values of
k. For example, if X = b(n,p), then P(X = —1) =0, P(X =n+5) =0,
P(X =14) =0, etc.

4.13 Special binomials: n large, p small. In some practical situations
we have a binomial random variable with a very large n and a very small p.
Here are some examples:

(a) The number of calls taken by an operator. Here the number of people
(customers) who may call is usually very large, but the probability that each
individual customer calls now is usually very small.

(b) The number of customers arriving at a supermarket or a car shop today.
Again, we have a large number of potential customers and a small probability
that every particular customer will arrive today.

(¢) The number of lottery tickets that win if you buy a huge number of them
(each ticket wins with a very low probability).

(d) The number of defective items found by a quality test on a production
line. Usually, the fraction of defective items is small (say 1% or lower), and
a few dozens or hundreds of items are being taken for a test.

4.14 Poisson approximation to binomial. Let X = b(n,p) be a binomial
random variable with a small p and large n, as described in 4.13. The exact
formula (4.1) for P(X = k) is practically useless because it involves huge
numbers such as n! and tiny numbers such as p* that may cause trouble even
if you use a good computer. Our goal is to approximate P(X = k) by a
formula that only involves “reasonable” numbers. We assume that n is huge,
p is tiny, and k is reasonably small: £k =0,1,2.. ..
First, we note that
nn—1)---(n—k+1) ,

P(X =k) = 5 P —p)t
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Since n is huge, we have n — k = n, and so

nk np)k np
P =p)" :<5> [(1=p)"7]

There is a useful formula in calculus:

lir%(l — )T =t

P(X =Fk)~

based on which we approximate (1—p)*? by e~!. We also denote the product
np by A. Hence,
>\k:

-2
kl
Note that A\ = np is the product of a huge number n and a tiny number p,
so usually A is a “reasonable” number.

P(X =k)~

Conclusion: if X = b(n,p) is a binomial random variable with large n
and small p, one can compute the probability P(X = k) for small £ by
kl

This formula is called Poisson approximation to binomials.

P(X =k~ with A =mnp (4.3)

Note: the value A = np has the (intuitively understandable) meaning of
the average number of successes in n trials.

4.15 Poisson random variable. Motivated by (4.3), we introduce a Pois-

son random variable X that takes values 0, 1,2, ... with probabilities
)\k
P(X—k)—ye—A k>0

Here A > 0 is a parameter. We denote it by X =poisson(A) or shortly
X = p(A). One can check that the probabilities sum up to one:

)\k
-2 _ —)\Zk': 260:1

k=0

Here we used the Taylor expansion for ¢* known from calculus:
=3
k!
k=0
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The Poisson approximation (4.3) works very well in practical applications.

4.16 Example. On a production line, 0.4% of items are defective. If n = 500
items are taken randomly for a quality control, what is the probability that
0 (or 1, or 2) of them are found to be defective?

Solution. Clearly, the number of defective items in the group of 500 is
X = b(500,0.004). The Poisson approximation gives

P(X =Fk)~ e
with

A =500-0.004 =2
Hence,

All these numbers are easily computable with a calculator.

Note that the Poisson approximation (4.3) only requires the average num-
ber of successes A\ = np, the values of n and p separately are not involved
and need not be known.

4.17 Example: Coffee break. An operator knows that she receives about
5 calls per hour, on the average. She decides to take a 10 minute coffee break.
What is the chance that somebody calls during her coffee break?

Solution: Here the average number of calls is 5 per hour, so it is 5/6 per
10 minute period. Hence, A = 5/6. Then

PX>1)=1-P(X=0)=1-e?=1-¢""%=0.5654

So, it is more likely than not that her coffee break will be interrupted by a
call.
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5 Continuous Random Variables

Here we consider random variables that take any values on the real line or
in an interval.

5.1 Example: Archery. Continuing Example 2.3, let X be the distance
from the hit point to the center of the target. Then X takes any value be-
tween 0 and 30 (inches). Thus, 0 < X < 30.

5.2 Lifetime. Let X be the lifetime of a brand new TV (or a car). Since
it is totally unpredictable when the TV (or the car) dies, we have to assume
that X may take any positive value, X > 0.

5.3 Remarks. In the above examples, we have random variables that take
values in a certain (finite or infinite) interval. Clearly, we cannot list all
possible values in any table, in the way we did for discrete random variables
in Section 4. This is a new type of random variables, that we will call
continuous. Another distinction: for any possible value z, the probability
P(X = x) is zero, in both Examples 5.1 and 5.2. (In 5.1, the value X =z
is taken on a circle of radius x, which is just a curve on the target surface,
and according to 2.3 the probability of the event X = x is zero, because the
area of any curve is zero.) Since we have P(X = z) = 0 for every individual
number z, we have to think of how to describe the random variable X in a
meaningful way. Instead of individual values of X we will care about intervals
of values of X, i.e. we will consider probabilities P(a < X < b) for arbitrary
a < b. Such probabilities are usually positive, and they describe the random
variable X in a meaningful and complete way.

For a given random variable X, the probability P(a < X < b) depends
on both a and b, so it is a function of two variables. Fortunately, it can be
reduced to a function of one variable by the following trick:

Pla<X <b)=P(X <b)—-P(X <a)

where P(X < b) and P(X < a) depend on one variable each.

5.4 Distribution function. Given a random variable X, the distribution
function Fx(x) is defined by

Fx(z) = P(X <)
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Note that X denotes the random variable, and x is the argument of the func-
tion F'x, an independent real variable, i.e. —0o < x < o0.

5.5 Archery example, continued. Compute the distribution function for
the random variable X in Example 5.1.

Solution. The random variable X takes values 0 < X < 30. Hence, if
x < 0, then X < z is an impossible event and P(X < x) = 0. If x > 30,
then X < x is always true (it is a certain event), hence P(X < z) = 1. If
0 <z < 30, then the event {X < z} occurs if the hit point lies in the inner
disk of radius x, then by the rule of Example 2.3, we have

2 2
PX<a)="2 -2
7302 900
Finally, we have
0 if <0
Fx(z) =< 22/900 if 0<z <30 (5.1)
1 if x> 30

5.6 Properties of the distribution function. It is clear that Fx(z) al-
ways has the following properties:

0 < Fx(x) <1 (since it equals the probability of an event).

e F'x(x) is monotonically increasing, i.e. Fx(z1) < Fx(x2) whenever
x1 < 9 (because of the inclusion {X < z} C {X < x5}, hence

e If X has a maximum value, Xyay, i.6. X < Xjax, then Fy(z) =1 for
all £ > X Also, if X has a minimum value, X, i,, i.e. X > X,
then Fx(z) =0 for all z < Xpn.

e Generalizing the previous observation to any X, we have

lim Fx(z) =1 and lim Fx(z)=0

T— 00 r——00
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5.7 Remark. It is interesting that any function y = F(x) that satisfies
the first, second, and fourth of the above properties and, in addition, is con-
tinuous from the right at every point z, is a distribution function for some
random variable X. We will not need that fact, though.

5.8 Computation of probabilities. For any interval (a,b) we have
Pla< X <b)=F(b) — F(a)

Also,
P(X <b)=F(b) and P(X >a)=1-F(a)

5.9 Archery example, continued. By the above formulas, we can compute
Pl<X<3)=F(@3)—F(1)=(9-1)/900 = 8/900

P(X >20)=1-F(20) =1-20%/900 =1—-4/9=15/9
P(10 < X < 40) = F(40) — F(10) =1 —10*/900 = 1 — 1/9 = 8/9
Note that F(40) = 1, not 40%/900, see (5.1).

5.10 Continuous random variables. A random variable X is said to be
continuous if for any real number x we have P(X = x) = 0. In this case the
distribution function Fx(z) is continuous.

Note: if X is continuous, then in all the equations of 5.8 we have P(X = a) =
P(X =0b) =0. Thus, it does not matter whether one puts strict inequalities
(<) or non-strict ones (<) in those equations. In particular, we have

Pla<X <b)=Pla<X <b)=F(b)— F(a)

We will only use distribution function for continuous random variables (ex-
cept for one example, 5.22, which is provided “for fun” rather than for serious
business). So, we will be rather casual in some formulas like P(a < X < b) or
P(a < X <b) including or excluding the endpoints @ and b at will. This will
not make any difference. When working with continuous random variables
it does not matter if one includes endpoints of intervals or not.
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5.11 Probability density function. The expression F(b) — F'(a) in 5.8
and 5.10 reminds us of the fundamental theorem of calculus:

F(b) — F(a) = / f(x)dx  where f(z)=F'(x)

The function f(z) = F'(x) is called the probability density function. Now we
can compute probabilities in terms of f(x):

P(a<X<b):/bf(a:)d:z:

Also,

b 0o
P(X < b) :/ f(z)dx and P(X > a) :/ f(z)dx

Note also that F'(z) can be computed itself in terms of f(z):

Fla) = / OO F(u) du

That is, F' is an antiderivative of f.

5.12 Properties of the density function. The properties of F(z) stated
in 5.6 can be easily rewritten in terms of f(x):

e f(x)>0.

o If X < Xy, then f(z) =0 for all z > X,y Also, if X > X, then
f(z) =0 for all z < X .

e The total integral of f(x) equals one:
/ flz)dx =1 (5.2)

The last property is called the normalization rule.

5.13 Min/max rules. It is important to emphasize that if X has a maxi-
mum value, Xy.y, then F(z) =1 and f(x) =0 for all z > X .. Also, if X
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has a minimum value, Xy, then F(z) = 0 and f(z) = 0 for all < Xpn.
So, both functions F'(z) and f(z) are trivial outside the interval [ Xpin, Xmax/,
on which the random variable takes all its values. It is therefore common to
only give the values of F'(z) and/or f(z) on the essential interval [ X ,in, Xmax]
leaving out their values beyond that interval (to save space).

5.14 Archery example, continued. In particular, in the archery example
5.5 we can just say F(z) = 22/900 for 0 < x < 30. It is implicitly assumed
that F'(z) is trivial elsewhere, i.e. F(x) = 0 for x < 0 and F(z) = 1 for
x > 30. The density function in that problem is f(zx) = F'(x) = z/450
for 0 < = < 30. Again, we understand that f(x) = 0 beyond the interval
0 < z < 30. Note that it is necessary to specify the interval on which the
formulas for F'(x) and f(z) hold!

5.15 Examples. Which of the following functions are distribution func-
tions? For those who are, find the density function.

(1) F(z) =z for —1 <2 < 1. No, since F(z) is negative for —1 < 2 < 0.
(2) F(z) = 2? for —1 <z < 1. No, since F(z) decreases for —1 < z < 0.

(3) F(x) =1 —x'"7 for z > 1 (here p > 1 is a constant). Yes. The density
is f(z) = (p — 1)z~”. Random variables with this density are said to satisfy
the power law.

5.16 Example. Suppose X has probability density function f(z) = cx for
1 <z <4 and 0 elsewhere. Find the value of c.
Solution: To find ¢, we use the normalization rule (5.2):

oo 4 4
1:/ f(x)dm:/ crdr = cx®/2| = 15¢/2
—o0 1 1
From this equation we get ¢ = 2/15. Hence, f(x) = 2x/15.

Example 5.16 continued. Compute P(X > 2), P(2 < X < 3), P(X > 0),
P(X > 4), P(X =2) and P(X >2/X < 3).
Solution: First, find the distribution function:

z ) 1 x 1
F(z) = du= | —udu=—u?| =-—(2* -1
(z) /_Oofw)u [ Gudu= ] = 6 )

for all 1 <z < 4. Note that we actually integrate from 1 (the minimum of
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the random variable X) to x. It should be also understood that F(x) = 0
for v < 1 and F(z) = 1 for # > 4, but this need not be shown explicitly.

Now,
P(X>2)=1—F(2) =1-3/15=4/5
P2<X <3)=F(3)—F(2)=8/15—3/15 = 1/3
P(X>0=1-F0)=1-0=1
P(X>4)=1-F@4)=1-15/15=0
Next, P(X = 2) = 0 since X is a continuous random variable. Lastly,

P(X >2/X < 3) is a conditional probability, so

P2<X<3) F@B)-F2 (3-1)-(2*-1) 5
PX X <3 =—px 3 = Fr@ 31 ~38

5.17 Probability density function and area. The probability P(a <
X <b) = ff f(z) dz equals the area under the graph of the density function.
Since the total probability of all possible values equals one, the area under
the entire graph of the density function y = f(x) equals one (this is exactly
the normalization rule (5.2)).

5.18 Another interpretation of density. Let (¢, c+d) be a small interval
near a point ¢. Assume that the interval is so small that the density f(z) is
almost constant on it, i.e. f(z) ~ f(c). Hence

c+d
P(c<X<c+d):/ f(x)dz =~ f(c) - d

So,
fle)y= Plc< X <c+d)/d

for small d. Hence, the density equals the ratio of the probability that X
takes value in a small interval over the length of that interval. In other
words, the density is the “probability per unit length”. (Compare this to the
classical mechanical interpretation of the mass density, which is nothing but
the mass per unit length!)

Note: the higher f(z) on some interval, the more likely the values in that
interval are taken by the random variable. In the archery example 5.1, the
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density f(z) = x/450 (see 5.14) increases as = goes from 0 to 30. So, the least
likely values are those near 0, and the most likely values are those near 30.
This makes perfect sense, because to get X =~ 0 we need to hit a small area
around the center of the target. The values X =~ 30 correspond to hitting a
much larger area all around the outer edge of the target.

5.19 Uniform random variable. The simplest type of a continuous ran-
dom variable is a variable that takes values in an interval (a,b) where all
values are “equally likely”. That is, the density f(z) is constant on (a,b), i.e.
f(z) = ¢, some constant. To find ¢, we can use the normalization rule (5.2)
that gives f;f(:c) dr = 1 and work as in 5.16, then we get ¢ = 1/(b — a).
Hence, .
r—a

f(x):b_a and F(x):b_a
for a < = < b (and these function take their trivial values outside the interval
(a,b), see 5.13). We denote this random variable by X = U(a,b). Note that
the graph of the density function f(x) is a rectangle over the interval (a,b),
this is why uniform distribution is sometimes referred to as rectangular.

One can think of the value of a uniform random variable U(a,b) as a
(completely) randomly selected point from the interval (a,b). One can also
think of a hit point when one shoots at the interval (a,b) randomly. This is
similar to the archery example 2.3. According to the same principle as in 2.3,
the probability to hit any small interval (u,v) inside (a, b) is proportional to
its length, i.e. P(u < X <wv) = (v—u)/(b—a). This completely agrees with
the above formulas for f(z) and F(x).

5.20 U(0,1). One uniform random variable, X = U(0, 1), plays an exclusive
role in probability theory. This will be clear in 5.21 and later on. We only
note here that its density and distribution functions are given by very simple
formulas:

flz)=1 and F(z)==x for <z <1

5.21 Random number generators (RNG). The uniform random variable
U(0,1) plays a special role in computer programming. Many computer soft-
ware have a built-in random number generator, that upon request produces
a number = between 0 and 1, which is supposed to be completely random.
Each call to the RNG returns a new random number between 0 and 1. Hence,
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the computer RNG simulates the uniform random variable U(0, 1). The com-
puter code that calls an RNG, usually looks like X = RND, X = RAND,
X = RANF, etc.

5.22 Distribution function of discrete random variables. Let X be the
number of Heads in three tosses of a coin. This is a discrete random variable
completely described by Example 4.1. Its distribution function F'(x) can be
found now by the rule 5.4. For example, F/(—1) = 0 (the event X < —1 is
clearly impossible), F'(0) = 1/8 (the event X < 0 occurs only when X = 0),
F(0.6) = 1/8 (again, the event X < 0.6 occurs only if X =0), F(1) = 1/2
(because the event X < 1 occurs if X = 0 or X =1, i.e. two values of X,
X =0 and X = 1, are covered by this event), etc. The resulting graph of
F(z) is shown below.

7/8 -
1/4 —_—

1/4—o

Distribution function of X in 5.22

Note: The graph is a “ladder” with “steps” going up. The steps are straight
horizontal segments. Left endpoints are included (shown by solid circles),
right endpoints are excluded (shown by hollow circles). The function has
discontinuities (“jumps”) at all values that are actually taken by X, i.e. at
0, 1, 2, 3. The height of each jump is the corresponding probability, i.e. the
jump at X = z equals P(X = x). These are general rules for distribution
functions of discrete random variables. Note that such variables have no
density functions in the sense of 5.11 (because F'(z) cannot be differentiated
at discontinuity points).
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6 Exponential Random Variables

6.1 Time to failure. In Example 5.2, we discussed the lifetime of a TV or a
car. Let us change it and denote by 7" the time to failure of a TV or a car (a
failure requires service, but is not necessarily the end of life of the product).
In many cases, T has the following distribution function, approximately:

Fr(z)=1—e" x>0

Note that 7" only takes positive values, so Fr(z) =0 for z < 0. Here A > 0
is a parameter (a technical characteristic of the product, the meaning of A
will be discussed below).

6.2 Exponential random variable. An exponential random variable X
takes positive values, X > 0, and its distribution function is

Fx(r)=1—e x>0
By differentiating, we obtain the density function
fz) = Xe x>0

The constant A > 0 is the parameter of the exponential random variable. We
denote this variable by X =exponential(\).

6.3 Memoryless property (no aging). Let X be an exponential random
variable. Consider two events, A = {X > a} and B = {X > a + z}, for
some a > 0 and x > 0. Note: A means that the time to failure exceeds a
(the product functions fine a units of time) and B means that the product
functions without failures a+ z units of time. Let us compute the conditional
probability P(B/A). To state the question differently: given that the product
has worked without failures a units of time, what is the probability that it
will work x more units of time without failures?

Solution: Recall that P(B/A) = P(B N A)/P(A). Note that the event
B ={X >a+x} implies A = {X > a}, i.e. BC A, so BN A= B. Hence,

P(B) PX>a+wx) et

PO =)~ PXxsa) ~ o €

Compare this to the probability P(X > x) = 1—F(z) = e~**. They coincide!
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Conclusion: The chances that the product will work without failures an-
other z units of time are independent of how long the product has already
worked since the last failure. The chances are the same as for a brand new
product. This property is usually called no aging (the product is not getting
any older, the chances of its failure are always the same), or lack of memory
(the product does not “remember” when it failed last time, so its chances to
fail again are independent of the past history of failures).

6.4 Remark. The “no aging/memoryless” property is characteristic for ex-
ponential random variables — actually, no other continuous random variable
has this property. We will not need that last fact, though.

6.5 Radioactive decay. Real cars and TV’s certainly deteriorate in time
(get older and have “memory” of past failures and repairs), so exponen-
tial random variable can only describe their times to failure approximately.
There is, however, a natural phenomenon that is characterized by an ideal
memoryless/no aging property. It is radioactive decay.

Radioactive atoms can explode (disintegrate) accidentally at any time.
Since nothing is happening to the atom during its life, it certainly does not
“remember” how long it has lived, and it cannot be getting any “older”.
Then the decay time (or the lifetime of the atom) is an exponential random
variable.

The process of decay can be illustrated as follows. Suppose a piece of
radioactive material contains N radioactive atoms (usually, N is huge, of
order 10%° or so). We will look at it at regular intervals of ¢ units of time.
During the first interval of ¢ units of time, each atom can explode with
probability P(X < t) = 1 — e, so it will survive with probability p =
1 — P(X < t) = e ™. Hence, approximately (1 — p)N atoms disintegrate
during the first interval, and p/N atoms survive. During the next interval of
time, each atom has the same chance to disintegrate, that is again 1 — p. So,
approximately (1 —p)pN atoms will disintegrate and p*> N atoms will survive.
After k intervals of time, p* N atoms will survive.

Another way to look at it is to wait until half of the atoms disintegrate,
i.e. assume that p = e * = 1/2 at time ¢. Then, if we wait the same
period of time again (¢ units of time), what happens? Will the other half
of the atoms disintegrate? No. Actually, a half of the remaining atoms
will disintegrate, so only 25% of the original atoms will survive. When an-
other ¢ units of time elapse, only 12.5% of the original atoms will remain, etc.
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6.6 Half-life. The period of time ¢ it takes for half of the radioactive atoms
to disintegrate is called half-life. It is denoted by t;/5. It is characterized by
e M2 =1/2 or

Atijs =In2 =~ 0.693

This equation relates A and t;/5. The value of ¢;/5 is a standard technical
characteristic of radioactive atoms, it is given in reference books. Given ¢, s,
one can find A =1n2/t .

Note that P(X > t1/2> = ]_/2, P(X > 2t1/2) = ]./4, P(X > 3t1/2) = 1/8,
etc., as we saw in 6.5.

6.7 Example. Let X be an exponential random variable with half-life ¢, , =
4. Find X\ and compute P(X > 8) and the conditional probability P(X >
143/X > 135).

Solution. We have A = 1In2/4 ~ 0.173. Now, 8 = 2t;/5, so P(X > 8) =
1/4. Next, by the lack of memory, P(X > 1354+8/X > 135) = P(X > 8) =
1/4.

6.8 Median. Let X be an arbitrary random variable. The value of z
such that Fyx(z) = 1/2 is called the median of the random variable X. Tt
is denoted by m, so that we have the equation Fx(m) = 1/2. Note that
P(X <m)= P(X >m)=1/2. In this sense, m exactly divides the proba-
bility distribution of X in half.

Note: The half-life ¢;/, is the median of any exponential random variable.

6.9 Example. New York Times has reported in 1999 that the median of the
prices of houses in the South of the United States is $135,000. What does
this mean? Half of the houses are sold below $135,000 and half of the houses
are sold for more than $135,000.

6.10* Percentiles. One can characterize a probability distribution by other

dividing points, which are called percentiles. The (100p)th percentile, 0 <
p < 1, is a point m, such that

P(X<m)=p and PX>m)=1-p
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So, m, is the solution of the equation F'(m,) = p.

The most important percentiles are the median, m = 72, and the quar-
tiles, ¢4 = m4 and g3 = 734 (called the first and third quartiles, respec-
tively).

6.11 Failure rate. Back to exponential random variable X. The parameter
A is often referred to as failure rate (or decay rate, or death rate, depending
on the situation). To see why, consider the number of atoms disintegrating
per a small interval of time At. The probability of disintegration is

P(X < At) =1— e = \At

So, approximately A At N atoms disintegrate during a small interval A¢. This
explains why A is interpreted as the decay rate.

6.12 Remark. It is not a coincidence that we denote by the same symbol
A the parameters of Poisson and exponential random variables. We will see
later, in Section 17, a process where both random variables are involved and
their parameters coincide.
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7 Functions of Random Variables

Warning: Experience shows that many students have difficulties with this
section. A careful reading of all examples is advised.

7.1 Y=g(X). Let X be a random variable, and y = g(z) a function. Then
Y = ¢g(X) is another random variable. We will see how to find the distribu-
tion function and density function of Y, if those of X are given.

7.2 Example. Let X =U(0,1) and Y = 12X — 6. Find Fy and fy.
Solution. We have

Fy(y) = P(Y <y) = P(12X -6 < y) = P(X < (y+6)/12) = Fx((y+6)/12)

Since Fx(z) = x, see 5.20, we have Fy(y) = (y + 6)/12. By differentiating,
one gets fy(y) = 1/12. Of course, one needs to specify were these formulas
for Fy and fy are valid. One simply needs to find the values the variable
Y takes. Since 0 < X < 1, we have 0 < 12X < 12 and —6 < Y < 6.
Finally, one gets Fy(y) = (y +6)/12 and fy(y) = 1/12 for -6 < y < 6. It
is advisable to find the range (all possible values) of the random variable Y
first, this may simplify calculations.

7.3 Method. Given X and Y = g(X), the following method should be used
to compute the distribution function Fy and density function fy:

(a) Find the range (interval of possible values) for the variable Y;

(b) Start with Fy(y) = P(Y <y) = P(g(X) < y), then solve the inequality
g(X) <y for X (this is the most tricky and confusing part!);

(c) Express the resulting probability in terms of the distribution function F'y
and use the given (known) function Fx to obtain Fy;

(d) Differentiate Fy to get fy.

7.4 Example. Let X =U(—1,1) and Y =1/(X + 1). Find Fy and fy.
Solution. Since —1 < X < 1, then 0 < X +1 < 2 and so 1/2 <
1/(X 4+ 1) < oco. Now compute Fy(y) for 1/2 <y < oo:

Fy(y) =P(Y <y)= P1/(X +1) <y) = P(X +1=1/y)

Note: the inequality 1/(X +1) < y is transformed into X +1 > 1/y because
X +1>0andy > 0 (otherwise the inequality might have been reversed —
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dividing or multiplying both sides by a negative number reverses the inequal-
ity). Now recall that F'(z) = (z+1)/2 by 5.19 and complete the calculation:

F(y) =P(X >y '=1)=1-F@y'-1)=1-(y ' =1+1)/2=1-(2y)""

for 1/2 < y < oco. By differentiating, fy(y) = 1/(2y?). If one is not sure
about the answer (the formulas look too weird), just verify that in the given
interval the function Fy increases from 0 to 1. In our case the interval is
1/2 < y < oo, so we verify that Fy(1/2) = 1 — 17! = 0, indeed, and
Fy(00) =1—0=1, all right.

7.5 Example. Let X = U(0,1) and Y = —A"!In(1 — X) for some constant
A>0.

Solution. Since 0 < X < 1, we have 0 < 1 — X < 1, then —oc0 <
In(1—X) <0,and so 0 <Y < oo. Now, for all 0 < y < oo we have

Fy(y) = PY <y)=P(=2"In(1-X)<y)=Pln(l—-X)>-Xy)
= Pl-X>e™)=PX<l-eM)=Fx(l-e™=1-¢e"V

Amazing, this is the distribution function from 6.2. So, Y is an exponential
random variable. Now, by differentiating, fy(y) = Ae™?Y.

7.6 Generating exponential random variables. The last example shows
how to generate an exponential random variable by a computer. Simply
call an RNG (5.21) that returns a value X in (0,1), then compute ¥V =
—In(1 — X)/A. Generally speaking, one can generate any random variable
by using the RNG described in 5.21, see also below.

7.7 Example. Let X =exponential(\) and ¥ = v/ X.
Solution. Since 0 < X < oo, we have 0 < VX < 0o, then 0 < Y < oo.
Now, for all 0 < y < co we have

Fy(y)=P(Y <y)=PWX <y)=P(X <y?)=Fx(y?) =1—¢eN

Lastly, by differentiating, fy(y) = 2 ye ",
7.8 Example. Let X = U(—1,1) and Y = X?.

Solution. There is a catch here! First, —1 < X < 1, then 0 < X? < 1,
hence 0 <Y < 1. Now, for all 0 < y < 1 we have

Fy(y)=P(Y <y)=P(X*<y)
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Now, solving X? < y for X we need to remember that 0 < y < 1 and
—1 < X < —1, hence the solution is —,/y < X < ,/y (inspect this carefully!).
Therefore,

Fy(y) = P(—v/5 < X < V) = Fx(Vi)~Fx(~vi) = (14v/5) 2~ (1-V5)/2 = /5
and fy(y) = Fy(y) = 1/2y/5).

7.9 Linear transformation. Let X be an arbitrary random variable with
distribution function F'x and density fx. Consider Y = a+bX, where a and
b > 0 are constants.

Solution. We have

Fy(y) :P(ng):P(a+bX§y)=P<Xg y;a) — Fy (y;a)
Note: we have used the fact that b > 0 when solving the inequality for X.
By differentiating and using the chain rule,

ot = 15 (457

7.10 Fahrenheit vs Celsius. The variable Y = aX + b is called a linear
transformation of X. It is simply the rescaling and shifting of the values of
X. Such transformations are common in practice. For example, if X is the
temperature in Celsius, then Y = 1.8 X +32 is the temperature in Fahrenheit.

7.11* Example. Let X be an arbitrary continuous random variable with
distribution function Fx. Find the distribution function of Y = Fx(X).

Solution. First, 0 < Fx(X) < 1, by the first property in 5.6. Now we
have for 0 <y <1

Fy(y) = P(Y <y) = P(Fx(X) <y)

Solving Fx(X) < y gives X < Fy'(y), where Fiy' is the inverse function to
Fx. Then

Fy(y) = P(X < Fx'(y) = Fx(Fx'(y) =y
for 0 < y < 1. Hence, Y is a uniform random variable on the interval (0, 1),
i.e. Y =U(0,1). Note: one more special appearance of U(0, 1)!
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7.12* Generating continuous random variables by computer. Let X
be an arbitrary continuous random variable. According to 7.11, the variable
Y = Fx(X) is U(0,1). In other words, if Y = U(0, 1), then X = F;'(Y) has
the distribution function F'x. This is the basis for generating by computer
any continuous random variable: call an RNG (5.21) to get a number Y
between 0 and 1, then compute X = Fy'(Y). Practically, this amounts to
solving the equation Y = Fx(X) for X. If the formula of Fx is simple, an
exact solution can be found, often by hands. If Fy is complicated, one can
find an approximate solution by using a special computer program.
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8 Normal Random Variables

Normal random variables (called also Gaussian random variables) are the
most important in probability theory. We first introduce one of them — the
so called standard normal random variable.

8.1 Standard normal random variable. This random variable is usually
denoted by Z. Its density function is
1 22
fz(z) = e —00 < x <00

e
V2T

Note that fz(z) is defined and positive for all —oo < & < 0o, hence Z takes
on all real values, it does not have a minimum or a maximum, its range is
the entire real line.

The graph of fz(x) is a bell-shaped curve, symmetric about the y-axis.
This curve is called a gaussian curve. Its maximum is at z = 0, then it
decreases on both sides of its top point. Actually, it decreases very fast.
One can easily check that fz(0) ~ 0.399, fz(1) ~ 0.242, fz(2) ~ 0.054,
f2(3) & 0.0044, fz(4) ~ 0.00013, fz(5) ~ 1075, etc. For larger z, the func-
tion e~*"/2 approaches zero dramatically rapidly, so for all practical purposes
fz(x) = 0 for something like |z| > 5.

8.2 The ® function. The distribution function of Z is denoted by ®(z).

According to 5.11,
1 T2
d(x) = — e 2 du
( ) V 27T /;oo

Unfortunately, there is no formula for ®(z) in terms of elementary functions.
The above expression is the best one can write for ®(z).

Since there is no convenient formula for ®(x), the values of this function
cannot be easily computed. We will use Table on page 266 of the textbook
to find the values of the function ®(z).

8.3 Table of ®(z). Now we learn how to use Table on p. 266. For 0 < z <
3.09 this is obvious. For negative z, specifically for —3.09 < z < 0, we can
use the symmetry rule:

O(—z)=1—D(x) x>0
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This rule follows from the symmetry of the density function fz(x) about
zero: O(—z) =P(Z < —x)=P(Z >z)=1—d(z).

Finally, for all x > 3.09 we will simply set ®(z) = 1 and for all z < —3.09
we will set ®(z) = 0. It is clear from the end of Table for ®(x) that this is

quite an accurate assumption.

8.4 Examples. Compute (1), $(2.36), ¢(—1.25), &(3.7).
Answers: ®(1) = 0.8413, ©(2.36) = 0.9909, ®(—1.25) = 1 — &(1.25) =
1 —0.8943 = 0.1057, (3.7) = 1.

8.5 Examples. Compute P(Z < 2.87), P(Z > 0.76), P(Z < —0.76),
P(Z > -2), P(-0.6 < Z < 1.3), P(|Z]| <2), P(|Z] < 3), P(|Z] > 4).
Solution. We have

P(Z < 2.87) = ®(2.87) = 0.9979

P(Z > 0.76) =1 — ®(0.76) = 1 — 0.7764 = 0.2236
P(Z < —0.76) = ®(—0.76) = 1 — ®(0.76) = 0.2236
P(Z>-2)=1-®(-2) = ®(2) = 0.9772
P(—0.6 < Z < 1.3) = ®(1.3)—=®(—0.6) = (1.3)—1+0(0.6) = 0.9032—1+0.7257 = 0.6289
P(|Z] <2) = ®(2) — ®(—2) =28(2) — 1 =2 x 0.9772 — 1 = 0.9544
P(|Z] < 3) = ®(3) — ®(—3) =28(3) — 1 =2 x 0.9986 — 1 = 0.9972
P(Z]>4)=1-P(|Z| <4)=1-(2¢(4)-1)=0

8.6 Normal random variables. Now we are ready to introduce a (general)
normal random variable. It has two parameters: p and o > 0. It is defined
in terms of the standard normal random variable Z by

Y=p+o2

In other words, Y is obtained by rescaling and shifting (multiplying by o
and adding p) of the standard normal random variable. The normal random
variable Y is denoted by N(u,0?), i.e. we write Y = N(u,0?). Note also
that we have Z = N(0,1) is this notation.
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8.7 Density and distribution function of N(u,0?). By 7.9, the density
of Y = N(u,0?) is

fr(x) = e 202 —00 < T <00

8.8 Remarks. Note that the density function fy(z) is positive for all z, has
a peak at x = p and goes down on both sides of the peak. It is a bell-shaped
curve, just like fz(z) in 8.1, but shifted (centered) to the point p. The other
parameter, o affects the shape of the curve: for smaller o, the peak is high
but narrow, for larger o the peak is low but wide. Remember that, in any
case, the total area under the graph of fy(x) is the same, it equals one by
the normalization rule (5.2).

8.9 Examples. Let Y = N(5,4). Compute P(Y < 7) and P(3 <Y < 6).
Solution. We have p = 5 and 0 = 4, hence o = 2. Then

PY <7)=F/(7)=® (7_75) = (1) = 0.8413

and
P(3 <Y < 6) = Fy(6) — Fy(3)
_ (ﬂ) _ % (ﬁ)
2 2
— ©(0.5) — B(—1)
= 0.6915 — 1+ 0.8413 = 0.5328

8.10 Manipulations with a normal random variable. Let Y = N(u, 0?)
be a normal random variable. What can we say about W = a+bY, if a and
b are some constants? It turns out that W is also a normal random variable

W = N(a + bu, b*c?)
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Indeed, Y = p + 0Z where Z is a standard normal random variable, and
hence

W=a+bu+ocZ)=a+bu+ bo Z

new u new o

The moral is: when you rescale a normal random variable, you get another
normal random variable.

Note: if Y = N(u,0?), then the variable W = —Y is normal and W =
N(—p,0?) (this is a case of the above rule with @ = 0 and b = —1).

8.11 Rule of three sigmas. We have seen in 8.5 that P(|Z| < 3) = 99.72%.
Now, for any normal random variable Y = N(u, 0?) we have

P(u—30c <Y <pu+30)=P(-3<Z<3)=99.72%

Hence, it is almost certain that Y takes values in the interval (u— 30, u+30).
In many practical applications one takes it for granted that the normal ran-
dom variable must be within the distance 30 from p. This is known as the
“rule of 30”.

8.12 Standard normal variable squared. Find the distribution and den-
sity function of W = Z2.

Solution. This is similar to 7.8. Obviously, W > 0. Now we have, for all
x>0,

F(x) = P(W < 2) = P(2% < 2) = P(—/& < Z < /&) = D(\/£)~®(~/2)
By differentiating and using the chain rule we get

1 1
— x) = e
\/Ef Z (\/_> /_27T$
for x > 0. The random variable W = Z? is called a y? variable with one
degree of freedom.

[SIE]

fw(z) = %fz(ﬁ) + %fz(—\/%) -

8.13 Remark. The importance of normal random variables will be demon-
strated later, in Section 15. Right now we can just say that many random
variables in practical applications are approximately normal. Consider the
height (or weight) of students in a big class. Most of them will have close to
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the average height (weight) with a few exceptions that are well over or well
under the average. Plotting the density function will give something close
to a bell-shaped curve. Another example: errors in many experimental data
have approximately normal distribution, again we will see that Section 15.

8.14" Error function. In some older textbooks and physical and engineer-
ing applications, another function is used instead of ®(z). It is called the
error function and given by

2 x
erf(z) = ﬁ/o eV dy

To find the relation between erf(x) and ®(x), one can change variable u =
V/2y in the expression for ®(z) in 8.2 and arrive at

1 1 T
d =_—+ —erf | —
(@) 22" (\/§>
This is a useful conversion formula.

8.15* Approximations to ®(z). In some very precise calculations, one
needs the values of ®(z) for x > 3. The following formula gives a very good
approximation:

1 2
d(z)~1——e /2
(x) xe

For example, ®(5) = 1 — 7.45 x 107 = 0.999999255.

8.16* Remark. A law in physics shows that the normal distribution is
unique. A gas (the air in the room, for example) consists of billions and
billions of molecules (something like 10* or 10" molecules in the room).
They all move chaotically at various speed and in various directions. Pick
one molecule at random, then its velocity vector v = (v,, vy, v,) is practically
a random vector. The components v,,v,,v, are random variables. They
have the same distribution, since there is apparently no difference between
the x- y- and z-direction in the molecular chaos. Moreover, if one rotates the
coordinate frame, then the new components v,, vy, v;, even though measured
differently, will have the same distribution. Such distributions are said to
be spherically symmetric, they are independent of the direction of the x,y, z
axes. Another look at this model suggests that v,,v,, v, are independent —
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this seems intuitively quite reasonable. Let us adopt these requirements: a
spherical symmetry and the independence of v,,v,,v,. It turns out, quite
surprisingly, that the only distribution that satisfy these two requirements
is normal! This is called the Mazwell law in physics. The following formula

describes it:
1 _ 12+y2+22

—(27T0_2)3/2 (& 202

This formula will make more sense in 9.13.

f(x’y7z> -

8.17 Summary. The following chart represents all basic types of continuous
random variables:

density distribution range
f(z) F(x)
uniform U (0, 1) 1 x 0<zx<l1
uniform U(a, b) - e a<xz<b
exponential(\) e A 1—e x>0
st.normal N(0,1) \/%777 e~ T O (z) —00 < T < 00
_@mw?

normal N (u,o?) v (=) | —o <z <00

49



9 Joint Distributions

Here we consider experiments that involve two (or more) random variables
at a time.

9.1 Example. Let X be a discrete random variable that takes values 0, 1,
2 with the following probabilities:

values of X ‘ 0 1 2
probabilities ‘ 0.2 0.5 0.3

Let Y be another discrete random variable that takes values —1, 0, 2 with
the following probabilities:

values of Y ‘ -1 0 2
probabilities ‘ 0.1 04 0.5

Assume that X and Y are independent.

Which pairs of values (X,Y) are possible? What are their probabilities?
Find P(X =Y). Find P(X <Y).

Solution. Possible pairs of values are (0, —1), (0,0), (0,2), (1,-1),...,(2,2).
The probabilities are computed by the multiplication rule

P(X=z,Y=y)=PX=2z) - PY =y)

which applies because of independence. The following table lists all the pairs
with the corresponding probabilities

(X’Y) ‘ (07—1) (070) (072) (1’_1) (170) (172) (27—1) (270) (272)
prob.‘ 0.02 0.08 0.1 0.05 02 025 003 012 0.15

One can also mark all the corresponding points on the xy plane and write
the probabilities next to the points. This completely characterizes the distri-
bution of the pair of random variables, which is called the joint distribution
of X and Y.
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0.1 "0.25  "0.15

0.08 0.2 0.12

0.02 ,0.06 ,0.03

Now, the event { X = Y} contains all the points on the diagonal y = z, in
this case the points (0,0) and (2,2). Hence, P(X =Y) = 0.0840.15 = 0.23.

The event {X < Y} contains all the points above the diagonal y = z, i.e.
the points (0,2) and (1,2). Hence, P(X =Y) = 0.35.

Note: a similar table of pairs of values we had in Example 1.15 (rolling
two dice). In that example, we had 6 x 6 = 36 pairs, each taken with prob-
ability 1/36.

9.2 Discrete pairs of random variables. A discrete pair of random vari-
ables X, Y can be characterized by the list of all possible pairs of values, with
the corresponding probabilities.

9.3 Joint distribution function. Any pair of random variables X,Y can
be characterized by a joint distribution function. This is a function of two
variables, F'(z,y), defined by

FX,Y(fE,y) :P(XS'Z;YSy)

Here X,Y denote the random variables, and x,y are the arguments of the
function.

Example 9.1 continued. Here are some values of the joint distribution
function in Example 9.1: F(1.1,0.8) = 0.35 (the quadrant to the left and
below the point (1.1,0.8) covers four pairs of (X,Y'), with the total proba-
bility 0.35), also F'(5,—0.4) = 0.1, F(4,7) = 1, FI(—-2,8) = 0, etc. We will
not attempt to describe this function completely, it is not of much use in this
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example.

9.4 Example. Let X = U(0,1) and Y = U(0,1) be two uniform ran-
dom variables that are independent. Find the joint distribution function
F X}y(l’,y).

Solution. Because of independence, we can use the multiplication rule:

Fxy(r,y) =P(X <z,Y <y)=P(X <z) P(Y <y) = Fx(r)Fy(y)

We know that Fiy = x for 0 < = < 1 and Fy(y) = y for 0 < y < 1, see
5.20. Hence, Fxy(z,y) = xy for all 0 < z,y < 1. For other values of z,y
the function Fx y(z,y) is not interesting, because those values are not taken
by the pair X,Y.

9.5 Joint density function. The joint density function fxy(z,y) of a pair
of random variables is

82F’X,Y(‘Tu y)

fX,Y(x7y) = axay

This is the second order (mixed) partial derivative of Fxy with respect to
and .

Note: the students who have not taken Calculus IV, should not worry much.
We will use elements of multivariate calculus (partial derivative and double
integrals) only of the simplest forms, in 9.7 we give precise instructions.

Example 9.4 continued. Since Fyy(z,y) = zy, we have fxy(z,y) =1
for 0 < z,y < 1 (and zero elsewhere, since other values of z,y are not taken

by the pair X,Y).

9.6 Computation of probabilities. Generalizing the rules 5.11 (that the
probability is the integral of the density function) we now have

P{(X,Y) is in a region R} = // Ifxy(z,y)drdy
R

This is a double integral of the function f over the region R.
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9.7 Rule for constant density functions. Let the joint density function
be constant: fxy(z,y) = c over the region R (as in Example 9.4, where
f(z,y) = 1 over the unit square). Then the double integral in 9.6 simply
equals ¢ times the area of R. Hence,

P{(X,Y) isin a region R} = c¢- Area(R)

In all our examples and test problems in MA 485 involving the computation
of probabilities, the joint density function will be constant. So, all our double
integrals can be computed by this simple rule.

Example 9.4 continued.
(a) Find the probability P(X +Y < 1).

Solution. The region {x + y < 1}, within the unit square 0 < z,y < 1, is
the left lower triangle, half of the square. Its area is 1/2, hence P(X +Y <
1) =1/2.

(b) Find P(X%2+Y? < 1).

Solution. The region {X? + Y? < 1} is the unit circle. Within the unit
square 0 < x,y < 1, it makes just a quarter of the circle, so its area is 7/4.
Hence, P(X?+Y? < 1) =7/4.

(c¢) Find P(|X — Y] < 0.1).

Solution. The region {|X — Y| < 0.1} is a strip around the diagonal line
y = x. Within the unit square 0 < z,y < 1, it stretches from the bottom
left to the top right corner. To find its area, it is convenient to subtract the

total area of the two remaining triangles from the area of the square. Hence,
the area of the strip is 1 — (0.9)*> = 0.19, so P(]X — Y] < 0.1) = 0.19.

94 b 94 c 9.9

A

9.8 Remark. It is interesting that the problem (b) above suggests a method
of determining the number 7 to any precision (at least theoretically). Simply
generate pairs of uniform random numbers by an RNG (see 5.21), every time
check the condition 22 +y? < 1, and in the end the fraction of pairs satisfying
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this condition gives you the number 7/4. In Section 15 we will learn how
many pairs of random numbers one needs to generate to obtain k correct
digits of the number /4.

9.9 Example. Let X,Y have the joint density function f(z,y) = 2 for
O<y<z<l Find P(X -Y >04).

Solution. Note that the density is constant (=2) over the triangle 0 <
y < x < 1 (and, by default, f(z,y) = 0 elsewhere). The region z —y > 0.4
makes a smaller triangle within it, see illustration. The area of the smaller
triangle is £(0.6)? = 0.18. Hence, P(X —Y > 0.4) = 2 x 0.18 = 0.36.

In the examples like this it is advisable to sketch the region where f(x,y) #
0, and, within it, the subregion corresponding to the given event.

9.10 A weird example. Let X be a uniform random variable on (0, 1), i.e.
X =U(0,1), and Y = X2 Describe the distribution of the pair X, Y.

Solution. Since Y = X2, all possible pairs of X,Y lie on the parabola
y = x?, more precisely on the stretch of it from the point (0, 0) to the point
(1,1). This is not a discrete pair of random variables, since for every individ-
ual point (z,y) we have P(X = z,Y = y) = 0. On the other hand, it does
not have a joint density function. We will not study such “weird” examples
in detail.

9.11 Multiplication rules for independent r.v.. Let X and Y be two
independent random variables. Then we have simple multiplication rules:

Fxy(z,y) = Fx(z) Fy(y)
for distribution functions and
fxy(z,y) = fx(x) fyr(y)

for density functions (if those exist). The first rule is already explained in
Example 9.4, the second follows by differentiation.

9.12 Three and more random variables. Let Xi,..., X, be n random

variables. One can also call (Xi,...,X,) a random vector with n compo-
nents. In the same way as above, we can define the joint distribution function
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and the joint density function for the variables X, ..., X,,. The multiplica-
tion rules of 9.11 work for any number of independent random variables.

9.13* Maxwell’s distribution. Let X, Y, Z be three independent normal
random variables N(0,?). Then, by the multiplication rule and the formula
of 8.7, their joint density function is

1 _a?y?y 2
fxyz(@,y,2) = oty ¢

This is exactly Maxwell’s law given in 8.16!

9.14 Min/max of two random variables. Let X and Y be two in-
dependent random variables, and Fx, Fy their distribution functions. Let
V =max{X,Y} and W = min{X,Y'}. Find the distribution functions of V'
and W.

Solution. Note that V' < x whenever both X <z and Y < x. Hence,

Fy(z)=P(V<z)=P(X <z,Y<z)=P(X <z)P(Y <z)= Fx(x)Fy(x)
Similarly, note that W > x whenever both X > x and Y > x. Hence,
Fy(x)=1-PW >2)=1-P(X > 2)P(Y > z) = 1-(1-Fx(z))(1-Fy(x))
In particular, if X and Y have the same distribution function F', then

Fy(r) = F*(z) and Fy(r)=1—(1—- F(z))?

9.15 Independent identically distributed (i.i.d.) random variables.
Let X, ..., X, be independent random variables that have the same distribu-
tion function F'. In this case we call them independent identically distributed
(i.i.d.) random variables. Examples: tossing a coin n times or rolling a die
n times produces a sequence of n results (numbers). These results are in-
dependent and have the same probability distribution. Whenever the same
experiment is repeated n times independently, and each time one records a
numerical output, one gets a sequence of i.i.d. random variables. This sort
of situation is the most basic and frequent in probability theory.
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9.16 Min/max of n i.i.d. random variables. Let Xi,..., X, be i.id.
random variables. Let V' = max{Xj,...,X,} and W = min{X,,..., X, }.
Find the distribution functions of V' and W.

Solution. Very much like in 9.14, we obtain

Fy(x)=F"(z) and Fy(z)=1-(1-F(x))"

where F' is the common distribution function of the variables X, ..., X,,. If
the density f(z) = F'(z) exists, then V and W also have density functions.
They can be found by differentiation and using the chain rule:

fv(@) = Fy(z) = nF" ! (2)F'(z) = nF" "} (2) f ()

and similarly

fw(z) =n(l = F(2))"" f(z)

9.17 Example. Let X,..., X, beiid. random variables uniform on (0, 1).
Find the distribution and density functions of V' = max{Xj,..., X, } and
W =min{X;,..., X,}.

Solution. The common distribution function of Xi,..., X, is F(z) =z
(for 0 < x < 1), and the common density function is f(z) = 1. Hence,

Fy(z)=2" and  fy(z)=na""
for 0 <z < 1. Also,
Fy(r)=1—(1—-2)" and fw(z)=n(l—2)"!

for 0 < x < 1. Graph the density functions fy (z) and fy (x) and you will
see that fy(z) has a tall peak at = 1 and is very low near x = 0. On the
contrary, fu/(x) has a tall peak at x = 0 and is very low near x = 1. This is
due to the fact that V', the maximum of X1, ..., X,,, most likely takes values
close to 1. On the contrary, W, the minimum of Xi,...,X,,, most likely
takes values close to 0.

9.18 Time to failure of a multicomponent system. A system consists of
n identical components which may fail independently of each other. Denote
by X;, 1 <17 < n, the lifetime (time to failure) of the ith component. Then
X; ..., X, are independent random variables with a common distribution
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function F(x). Let T be the lifetime (time to failure) of the entire system

and Fr(z) its distribution function. Here we consider two types of systems.

One uses connection of components in series. This type of system is “fragile”,

it works only if all the components work, so that Ty, = min{ X7, ..., X,,}. The

other uses connection in parallel. That type of system is “robust”, it works

if at least one component is functioning, so that T3, = max{Xy,..., X, }.
According to 9.17, we have

Fr(2)=1— (1= F(2))" and Py, (z) = F"(x)

9.19 Example. Let the lifetime of each component be an exponential ran-
dom variable with parameter A. Find the distribution of the lifetime of the
fragile and robust systems.

Solution. Since F(z) =1 — e ** we have

Fr.(x)=1- e and Fr, (z)=(1- e_)‘x)"

Note that the lifetime of the fragile system is itself an exponential random
variable with parameter nA\.

9.20" More on multicomponent systems. Some systems are between
fragile and robust: they require at least £ components working, where 1 <
k < n. Let T be the lifetime of such a system. Its distribution function is
Fr(z) = P(T < z). Note that the event 7' < x occurs whenever, by the
time x, less than k components survive (i.e., more than n — k die). For each
component, the probability of survival is p = P(X; > z) = 1 — F(x), and
the probability of failure (of dying by the time z) is ¢ = 1 —p = F(z). Now,
we have n independent components, each can survive with probability p or
die with probability ¢. The number of survivors, call it Y, is then a binomial

random variable, Y = b(n,p). Recall that the event 7' < z occurs whenever
Y <k —1, hence

Fr(z) = P(T < z) = P(b(n,p) < k — 1) Z(Jmpq

Remembering that p =1 — F/(z) and ¢ = F(z) we can write

k—1

) =Y Cuall = F@)[F(2)]"

1=0
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This formula is practical if k is small, k¥ < n/2. If kK > n/2, one can better
use the “complement” formula

Fr(x) = 1= Cull = F@)J[F(@)]"”

9.21* Example. Let a system consist of 6 components whose lifetime is
uniform on (0, 20). Suppose the system requires 3 working components to be
operational. Find the distribution of its lifetime.

Solution. We have F'(z) = /20 for 0 < x < 20. Then

Fr(z) = Ceo(z/20)° + Cs1(1 — 2/20)(2/20)° + Cg2(1 — 2/20)*(x/20)*
(2/20)% 4+ 6(1 — 2/20)(x/20)° + 15(1 — x/20)*(x/20)*

By differentiating, we find the density function

fr(z) = Fr(z) = 3(1 — 2/20)*(x/20)°

9.22* Remark. Differentiating in the above example shows that all the
terms but the last one remarkably cancel out. This is not coincidental. It is
a general rule: differentiating the function Frr(x) leads to the cancellation of
all the terms but the last one and gives

fr(z) = nCorp[l = F()]* 7 [F(2)]" " f(2)

where f(x) = F'(z) is the density of F(z).
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10 Mean Value

10.1 Example: a roulette. A roulette wheel has 18 black spots, 18 red
spots and 2 green spots. You can bet $1 on black or on red and win $1 if
that color comes up or lose $1 if not (a green spot is always a casino win, and
so you lose). Whether you bet on black or on red, your chance of winning is
18/38. If you play 100 times, how much do you expect to win (or lose)?

Solution. 1t is fair to expect that you win 18 times in 38 plays. So, in 100
plays you expect to win 100 x 18/38 ~ 47.37 times and to lose 100 —47.37 =
52.63 times. Then your net expected gain is 47.37 — 52.63 = —5.26, i.e. you
expect to lose $5.26 in 100 plays (of course, you expect to lose in a casino,
not to win!). Your expected loss per play is 5.26/100=0.0526, a little more
than 5 cents. Does this make sense?

10.2 Example: a die. You roll a die 100 times and add up the numbers it
shows. How much do you expect to get, in the end?

Solution. The die shows the numbers 1,2,3,4,5,6 with the same probabil-
ity, 1/6. The average of these numbers is (1 +---+6)/6 = 3.5. In 100 rolls,
you then expect to accumulate 100 x 3.5 = 350 total. All right? Note that
now you expect to get, approximately, 3.5 per a die roll.

10.3 Concept of the mean value. In the above examples, we computed
the expected values of some random variables, trying to be as fair as possible.
Of course, the actual values of those random variables may be different: in
Example 10.1, you can win as much as $100 or lose as much as $100, and in
any case you gain or loss is a whole number of dollars, it can never be $5.26.
So, what is $5.267 It is the most fair estimate of your loss, it is what you
lose “on the average”. This is what we call the mean value, or the expected
value of the random variable.

Another way to look at the mean value is this: if you obtain n ex-
perimental values x,...,z, of a random variable X, then their average
(x1 + -+ + z,)/n should be approximately the mean value of X. While
this rule does not necessarily apply to small n, it is quite rigid and stable for
large n’s (of order of thousands and millions).

10.4 Rule for the mean values of discrete random variables. If X is a
discrete random variable that takes values z1, xs, ... with the corresponding
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probabilities py, ps, .. ., then the mean value (or expectation) of X is
E(X) = z1p1 + xopa + -+

Note: in Example 10.2 we had (14 ---+6)/6 =1-¢ +---46- ¢, so our
calculations were consistent with the above rule.

10.5 Mean value of a discrete uniform r.v. Let X take values 1,...,n,
each with the same probability 1/n (see 4.11). Then

n+1
2

_ n(n+ 1)

E(X)=(1+---+n)/n >

1_
n

10.6 Mean value of a geometric r.v. A geometric random variable X
takes values n = 1,2,... with probabilities P(X = n) = pg"~!, see 4.7. Tts
mean value is

E(X):1-p—|—2-pq—|—3-pq2+4-pq3—|—---

We use the following trick to compute it:

E(X)=p+pq+ps® + pg’+--
+pg+pg* + pg -

+pg® A+ pg’ A+

4 pq3_|_...

In each row, we have a geometric series whose sum can be computed by the
rule
ltg+q+¢+--=1/1-q)=1/p

already used in 4.7. Hence, we obtain

E(X) =p/p+pq/p+pd/p+pdd/p+---=1/p

10.7* Remark. There is an alternative way to compute F(X) based on the

formula
o0

E(X)=Y P(X >k)

k=1
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which is valid for any discrete random variable whose values are nonnega-
tive integers 0,1,2,.... For the geometric random variable X we can use
Problem 4.8 and obtain

EX)=> ¢ "'=1/01-q =1/p

10.8 Mean value of a binomial r.v.. A binomial random variable X =
b(n,p) takes values k = 0,1, ..., n with probabilities P(X = k) = C,, xp"¢" ",
see 4.6. Then

n n — 1)

n ! k n—k - ( ) k—1 _n—k
E(X):Zkk:!(n—k)!pq :npz(k:—l)!(n—k)!p 1
k=0 k=1

where the last sum simply equals one because it adds the probabilities of the
random variable X = b(n — 1,p), see 4.6. Hence, F(X) = np.

10.9 Mean value of a Poisson r.v. A Poisson random variable X takes
values k =0, 1,2, ... with probabilities P(X = k) = }\{—I;e”, see 4.15. Then

E(X) = Z/f.zﬂ()(:k):Z/f-Fe*A
k=0 k=0 '
o0 k o0 k—1
= ZkAUeA:A /j e
k=1 ( - ) k=1 ( B )

The last sum simply equals one because it adds the probabilities of the ran-
dom variable X (see also our calculation in 4.15). Hence, F(X) = .

10.10 Remark. In the end of 4.14 and 4.16, we already remarked that
A = np had an intuitively clear meaning of the average number of successes.
Now we see that np, is, indeed, the average (mean) value of X = b(n,p) and
A is, indeed, the average (mean) value of X = poisson(\). Now we can say
that our approximation of a binomial random variable by a Poisson random
variable in 4.14 is based on “matching” of their mean values: A = np. A very
simple rule!



10.11 Rule for the mean values of continuous random variables. If
X is a continuous random variable with density function f(z), then

Eﬁﬂz/ixﬂ@dx

If there is a minimum and/or a maximum value of X, then —oo can be
replaced by the minimum and co by the maximum, thus simplifying the in-
tegration. (This is similar to the min/max rules in 5.13.)

10.12 Remark. Note the similarity between 10.4 and 10.11: in both cases
we multiply the actual values of the random variable, denoted by z, by the
probability density, and then the products are added up (the integration is
simply a calculus equivalent of summation!).

10.13 Mean value of a uniform r.v.. If X = U(a,b), then f(z) = 1/(b—a)
for a < x < b, see 5.19. Then

d: pu— p—
b—a"" T 2b—a)|, 20b-a) 2

/b x 22 P v®—a® a+b

Note that E(X) is exactly the midpoint of the interval (a,b), which makes
perfect sense: all the points of the interval are “equally likely”, so its mid-
point is the most fair expected value.

10.14 Mean value of an exponential r.v.. Let X =exponential(A). Then
integration by parts gives
00 o0
+ / e M dx
0 0

The first term is zero, since e=>° = 0 and then also x = 0. The second inte-
gral is A1 fooo e~ dx, where now the integral equals one (it is the integral

of a density function, so by the normalization rule (5.2) it must be equal to
one). Hence, E(X) =1/A.

E(X) = / zhe M dy = —we
0

o0

Example 9.19 continued. We have seen in 9.19 that the lifetime of a frag-
ile system is exponential(n\), if its n components have an exponential(\)
lifetime. Hence, the mean lifetime of the system is 1/(An) while the mean
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lifetime of each component is 1/\. Thus, the system lives, on the average, n
times shorter than each component! No wonder we call it fragile.

10.15 Mean value of a standard normal r.v.. Let Z = N(0,1) be a
standard normal random variable. Then

E(Z)= /_OO rfz(z)dr = \/%/_00 v~ % dr

The density function here is even, fz(x) = fz(—x), so the product = fz(x)
is odd. By the obvious symmetry, the integral must be zero, which it is. So,
E(Z)=0.

10.16 Mean value of a Cauchy r.v.. A Cauchy random variable X has

density function
1

- (1 + 22)

for all —oo < z < oo and the distribution function

fx(z)

1 1
F = —tan x4+ =
¥ () —tan” @ + 5
It was involved in the homework problem 3.3.8. What is so special about it?
Its density fx(z) is also even (as the one in 10.15), but its mean value

zﬂxy:/f-—il—ﬁm

oo T(1 +22)

is ... not zero! This integral diverges, so it cannot be computed. It has no
numerical value!

What does it mean in practice? Recall: according to our concept of the
mean value in 10.3, E(X) is approximately the average of experimental values
x1,...,x, of the random variable X. Now, if you have a sequence of normal
N(0,1) random values, z1, ..., z,, generated by computer or obtained exper-
imentally, then their average (z1+- - -+ 2,,)/n will, indeed, nicely converge to
zero (to E(Z)) as n — oo. On the contrary, if you have a sequence of Cauchy
random values, x1,...,x,, generated by computer or measured experimen-
tally, then their average (z1+- - -+x,)/n will not converge to anything, it will
oscillate wildly going up and down “like crazy” and reaching arbitrary large
values (both positive and negative). One has to do a computer experiment to
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observe this wonderful process!... So, this is a practical difference between the
normal random variable Z in 10.15 and the Cauchy random variable in 10.16.

10.17 Rules for mean values. Since the mean value F(X) is given by an
integral, it has properties similar to those of integrals.

Rule 1. If Y = aX, where a is a constant, then E(Y) = a E(X). (That is,
a constant can be factored out. For example, E(2X) = 2 E(X), E(—X) =
—FE(X), etc.)

Rule 2. If Y = X + b, where b is a constant, then E(Y) = E(X) + b. (For
example, £(X —2) = E(X) —2).

Rule 3. If Y = X, +X,, then E(Y) = E(X))+E(X,). Also, if Y = X, — Xy,
then E(Y) = E(X,) — E(X2). (This property is called additivity.)

Rule 4. If X is a constant, i.e. takes one value, ¢, with probability one, then
EX)=c

An example of how these rules can be used: F(2X —4Y +7) =2 E(X) —
4E(Y)+T.

10.18 Mean value of a normal r.v. Recall that an arbitrary normal ran-
dom variable Y = N(p, 0?) satisfies Y = u+ o Z, cf. 8.6. Then by Rules 1-4
we have E(Y) =pu+ o0 E(Z) = p.

10.19 Bernoulli random variable. Recall (4.3) that a Bernoulli trial is a
simple experiment with two possible outcomes: a success (labelled S) and a
failure (labelled F). Success occurs with probability p and failure with prob-
ability ¢ = 1 — p. Let us mark successes by 1 and failures by 0. Then we
get a random variable X that takes two values: 1 (with probability p) and
0 (with probability ¢). This is called a Bernoulli random variable. Its mean
value is, obviously, F(X)=1-p+0-q = p.

10.20 Mean value of a binomial r.v., alternatively. Recall (4.4, 4.6)
that a binomial random variable is the number of successes in n independent
Bernoulli trials. According to 10.19, with n independent Bernoulli trials we
associate n independent Bernoulli random variables Xy, ..., X,,. For exam-
ple, if n = 3 and the outcomes of the trials are SF'S, then X; =1, Xy, =0,
X3 =1.

A crucial observation: adding X; + - - - + X, gives exactly the number of
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successes in n Bernoulli trials! Therefore,
X=Xi+---+X,

where X = b(n,p) is the binomial random variable and X; are independent
Bernoulli random variables. Now, using the additive rule 3 in 10.17 yields
E(X)=E(X))+---+ E(X,) = np, since E(X;) =p by 10.19.

10.21 Mean value of a function of r.v. Let X be a random variable, and
y = g(z) a function. Then Y = ¢(X) is another random variable, as in 7.1.
Here we provide rules to compute the mean value E(Y).

If X is discrete and takes values x1,xs,... with probabilities pq,po, ...,
then the corresponding values of Y are g(x1), g(z2),.... Hence

E(Y) = g(x1)p1 + g(z2)p2 + - - -

If X is continuous with density function fx(z), then

B(Y) = / " o) fx (@) da

o0

10.22 Moments of a random variable. In particular, if g(z) = 2*, then
Y = X*. The mean value E(Y) = F(X¥) is called the k-th moment of the
random variable X. The term moment has its origin in the study of mechan-
ics.

10.23 Example. Compute the k-th moment of the Bernoulli random vari-
able X.

Solution. Since X only takes values 0 and 1, then X* = X, so E(X*) =
E(X) =p.

10.24 Example. Compute the k-th moment of the uniform random variable

X =U(0,1).
Solution. Recall (5.20) that f(x) =1 for 0 <z < 1. Then

E(Xk):/olxkf(x)dx:/olmkdx:%H
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10.25 Special rule for independent r.v. If X and Y are independent
random variables, then E(XY) = E(X) - E(Y).

This rule works for independent random variables and usually fails for de-
pendent ones. For example, let X be Bernoulli random variable and Y = X.
Then E(XY) = E(X?) = p, rather than F(X) - E(Y) = [E(X)]* = p*.

10.26" Remark. Just like in Remark 10.7, there is also an alternative way

to compute the mean value of a continuous nonnegative random variable
X >0:

E(X) :/OOOP(X > 1) dx

This can simplify, for example, the integration in 10.14: there P(X > z) =
1 — F(x) = e, hence

E(X) = /OOO e Mdr =1/)
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11 Variance

11.1 Motivation. We have seen that the mean value E(X) of a random
variable X gives the most fair expectation of X. Is this enough to predict X
in practice?

Suppose you are going to visit Montana next March and wonder what
the temperature there might be. The climatological data from a reference
book say that the average daily temperature in Montana in March is 42° F.
This is exactly like knowing the mean value of a random variable. Is this
enough for you? You quickly realize that the actual daily temperature might
fluctuate around 42°. If typical fluctuations are small, then 42° can be a
pretty accurate estimate. Or, on the contrary, a typical weather pattern may
be such that intervals of hot weather (60° to 70° F) follow intervals of cold
weather (10° to 20° F), just giving 42° F on the average. In the latter case
the average value of 42 tells you practically nothing of what you should really
expect. It is then necessary to supply the mean value of 42° with the range
of typical fluctuations (variations). For example, 42 + 3 would say that the
weather is stable and the temperature between 39 and 45 degrees can be
reasonably expected. Or, on the contrary, 42 + 23 would tell you that the
weather is very unstable and you should expect anything from 19° F to 65°
F. The conclusion is that the range of typical fluctuations around the mean
value is practically as important as the mean value itself.

11.2 Measuring variations. The difference between the actual value
of X and its mean value is X — E(X). Should we just find the aver-
age of this difference? Let us try this: E[X — E(X)] =(by the rules of
10.17)= E(X)— E(X) = 0. It gives us nothing! The reason is clear: positive
fluctuations (X — F(X) > 0) and negative fluctuations (X — E(X) < 0) can-
cel out in the end. Let us square X — E(X) to ensure that all fluctuations
are taken as positive numbers.

11.3 Variance. The variance of a random variable X is defined to be
Var (X) = E[X — BE(X)]?
Alternatively, one can use

Var (X) = B(X?) — [E(X)]?
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To see that these two formulas are equivalent, let us expand the square in
the first one and use the rules of 10.17:

EX-BE(X)=E (X* - 2X - B(X) - [E(X)]") = B(X?*)=2[E(X)]+[E(X))*

and so we get the second formula for the variance. The second formula is
often more convenient in practical calculations.

11.4 Examples.

(a) Let X take values 0 and 1 with probability 1/2 each. Note that
X?=X. Then Var (X) = E(X) - [E(X)?=1/2—-1/4=1/4.

(b) Let X =U(0,1). Then, recall 10.24, Var (X) =1/3 —1/4 =1/12.

(c) Let X be the number shown by a die. Then, some tedious calculations
show that Var (X) ~ 2.92.

Note: In these examples one can easily find all possible deviations of X from
its mean value E(X), and then find the average one. In the example (a),
it is 1/2, in (b) it is 1/4, in (c) it is 1.5. Why are these numbers different
from the values of Var (X) found above? The main reason is that Var (X)
measures squared deviations, rather than deviations. So, we need to take the
square root of Var (X), to estimate the deviations of X.

11.5 Standard deviation. The standard deviation of a random variable X

is defined to be
ox =/ Var (X)

Examples 11.4 continued. The standard deviations in those examples
are: in (a) ox = 1/2,in (b) ox ~ 0.29, in (c¢) ox ~ 1.71.

Note: Still, only in (a) the standard deviation matches the average deviation
computed directly. In (b) and (c) the standard deviation is slightly higher
than the average deviation. Yes, this is true: squaring the actual deviations
to compute the variance and then taking square root of the variance gives
slightly distorted (overestimated) value of typical deviations. But, on the
other hand, there are many advantages of working with the standard devia-
tion as defined in 11.5 rather than with precisely computed average deviation.
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In any case, it is traditional in probability theory to work with standard de-
viations.

11.6 Rules for variance and standard deviation.

Rule 1. If X is a constant, i.e. takes one value, ¢, with probability one, then
Var (X) =0 and ox = 0.

Rule 2. If Y = aX, where a is a constant, then Var (Y) = a? Var (X). (That
is, a constant must be squared before it can be factored out. For example,
Var (2X) = 4 Var (X), Var(—5X) = 25 Var (X), Var(—X) = Var (X), etc.).
In this case, also, oy = |a|ox.

Rule 3. If Y = X + b, where b is a constant, then Var (Y) = Var (X) and
oy = ox. (For example, Var (X —2) = Var (X).)

Rule 4. If Y = X + X5, and X; and X, are independent, then Var (V) =

Var (X) 4+ Var (X3). Also, oy = /0%, + 0%,

Comments: in Rule 1, a constant value cannot possibly vary, this is why
Var (X) = 0. In Rule 3, adding a constant means shifting all values of X
by a fixed amount. In this case the mean value F(X) is shifted by the same
amount, so all the deviations of X from its mean value will not change, this
is why Var (X) and oy remain unchanged. In Rule 4, does it remind you the
Pythagorean theorem? There is, indeed, a deep connection, but we will not
explore it.

Rule 4 can be obtained by the following calculation:

Var(X; + X5) = E[(X; +X0)%] — [E(X1 + Xy))?
= B(X})+2B(X1X,) + E(X3)
—[E(X1)]* = 2E(X)) - E(Xy) — [E(X,))?
Now, by 10.25, we have F(X;X5) = E(X;) - E(X3), so the terms 2E(X;X5)

and 2F(X)) - E(X3) cancel out. The remaining terms can be easily grouped
to make Var (X;)+ Var (X5).

11.7 A tricky question. Let X and Y be independent. Is is true that
Var(X —Y) =Var (X)— Var (Y)?

Answer. No. This is an incorrect “application” of Rule 4. The correct
application is

Var [X + (=Y)] = Var(X) + Var(=Y) = Var (X) + Var (Y)
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where the last step was done due to Rule 2.

We note also that Var (X) > 0 and ox > 0. Moreover, Var (X) = 0 and
ox = 0 only if X is constant.

11.8 Problem. Can we have a random variable with E(X) = 4 and
E(X?) =137

Solution. Such a random variable would have Var (X) = 13 — 42 = -3,
which is impossible since Var (X) > 0.

11.9 Example. Let X and Y be independent, and F(X) =5, E(Y) = —3,
ox = 2, oy = 3. Compute the mean value and the standard deviation of
Z =3X-2Y —2.

Solution. Using the rules of 10.16 gives E(Z) =3-E(X)—-2-E(Y)—2 =
15+ 6 — 2 =19. Using the rules of 11.6 gives

Var (Z) = 3*Var (X) +2*Var (V) =9-4+4-9=172
hence o, = /72 = 6v/2.

11.10 Variance of a Bernoulli r.v. Recall (10.19) that a Bernoulli ran-
dom variable X takes values 1 and 0 with probabilities p and ¢, respec-
tively. Also note that X? = X. Then E(X?) = E(X) = p, so Var(X) =
E(X?) — [B(X)) =p—p*=p(1 - p) = pg.

11.11 Variance of a binomial r.v. Recall (10.20) that a binomial random
variable X = b(n, p) is the sum X = X;+---+X,, of n independent Bernoulli
random variables. Hence, by Rule 4 of 11.6

Var (X) = Var (Xy) + - + Var (X,,) = npg

11.12 Meaning of ox. The standard deviation oy is a typical (average)
deviation of the random variable X from its mean value E(X). Hence, one
can expect that X typically takes values F(X) + o, in a way described in
11.1. We will express this by a “formula”

X~ FEX)+ox
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Of course, ox is the average deviation, while actual deviations may be smaller
or larger. Deviations up to 20 x should be considered as still quite likely, while
those over 3ox are already quite unlikely.

One can also have a visual image in mind: all the possible values of the
random variable X make a cluster (a dense cloud) of points on the real line,
and E(X) is then the center of that cluster, and ox is, approximately, one
quarter of its size.

11.13 Binomial r.v. for large n. Let X = b(n,p) be a binomial random
variable. We know already that E(X) = np and oy = /npq, see 11.11.
Hence, by the pattern of 11.12, we can represent X by

X = np =+ +/npq

These are typical, most expected values of X = b(n, p).

For an illustration, let p = ¢ = 1/2 (like in tossing of a coin, where X is
the number of Heads in n tosses), then
(a) for n = 100, we have X ~ 50 + 5;

(b) for n = 1000, we have X = 500 % 16;
(c) for n = 10,000, we have X =~ 5,000 £ 50;

This shows that the expected values of a binomial random variable X =
b(n,1/2) are all quite close to n/2. Even though the typical deviations do
grow with n (as 5, 16, and 50 above), but much more slowly than n and
E(X) =n/2 do. So, relative to E(X), the deviations become less and less
visible.

11.14 Relative frequency. The contrast between E(X) and ox in the
above example becomes even more pronounced if we consider X,, = X/n, the
relative frequency of successes. By the rules for mean values and variances,

E(X,) = E(X)/n=p and Var (X,,) = Var (X)/n* = pg/n. Hence,
Xn =P + \/p_q/\/ﬁ

For an illustration, again let p = ¢ = 1/2. Then

1 1
Xp=-4+-—
2 2y/n

We see that as n increases, the typical deviations decrease to zero. Hence,
X,, concentrates more and more tightly near its mean value 1/2. So, as

71



n — 0o, we expect the values of X,, to be closer and closer to 1/2, that is to
converge to 1/2. This is, indeed, the case, and we will get back to this issue
in Section 14.
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12 Moment Generating Function

12.1 Moment generating function. Let X be a random variable, and
g(x) = € a function of x (here ¢ is an additional parameter). Then Y =
g(X) = ¥ is another random variable. The rule 10.21 tells us how to
compute F(Y). Note that the value of E(Y) = E(e!*) will depend on ¢, so
it will be a function of ¢. It is called the moment generating function (m.g.f.,
for short) of the random variable X:

Mx(t) = E(e)
The parameter ¢ becomes the argument of this function.

12.2 Calculating a moment generating function. According to 10.21, if
X is a discrete random variable and takes values x1, xo, ... with probabilities

P1, P2, ..., then
Mx (t) = E(e"*) = €' 'py + e™py + - --

If X is continuous with density function fx(z), then

e}

Mx(t) = E(e'¥) = / e f(x) dw

— 00

12.3 Examples. (a) Is e7"/3 + 2¢° /3 a moment generating function? (b)
What about e'/2 + =% /37

Solution. (a) Yes, this formula fits the pattern of 12.2, with z; = —1,
xe = 5 and p; = 1/3, po» = 2/3. (b) No, because the sum of coefficients
1/2 4 1/3 is not equal to one.

12.4 Generating moments. What is the use of the m.g.f. Mx(¢)? Let us
differentiate it and substitute ¢ = 0. It is easier done with discrete random
variables:

M (t) = ™ axyp) + e™2a9py + - - -

and the substitution ¢ = 0 eliminates all the exponential factors, leaving
only x1p; + xaps + ---, which is E(X). So we arrive at M%(0) = E(X).
Differentiating once more we get

My (t) = ™ a?p; + e™2a2py + - - -
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and the substitution t = 0 gives x?p; + x3ps + -+, which is F(X?), so
M%(0) = E(X?), which is the second moment of X. In the same way we get

M®(0) = B(X*)

Hence, to compute the kth moment of X we can differentiate the function
Mx (t) k times and then substitute ¢ = 0. This is its main use — to generate
the moments of X.

We will use the moment generating functions to compute the variance for
the exponential, normal and Poisson random variables.

12.5 M.g.f. for an exponential r.v.. If X is and exponential r.v., then
f(x) = Xe > for x > 0, and

Mx(t) = / e Ae M dy = / e~ A0 gy = P
0 0 -

Taking derivatives and substituting ¢t = 0 gives

A 1
E(X) = M4%(0) = ==
( ) X( ) ()\ . t)2 =0 A
(which we know already, recall 10.14), and
2\ 2
E(X?) = M¥(0) = ==
( ) X( ) ()\ . t)3 =0 A2

Therefore, Var (X) = 2/\? — (1/A\)? =1/A* and ox = 1/\.

12.6 Remark: unpredictability of an exponential r.v.. In the spirit of
11.11, we can represent an exponential random variable as X = F(X)+ox =
A~ £ X7 Stop! Does it make sense that the typical deviations are about
the same as the mean value? This means that the exponential random vari-
able is completely unpredictable! For example, suppose on a long highway,
state trooper patrol cars are deployed randomly, approximately one every 20
miles. If you drive on the highway, then the distance to the next patrol car
can be regarded as an exponential random variable, with the mean value of
20 miles (which it is, as we will see later in Section 17). But then the typical
fluctuations about the mean value are also about 20 miles! So, the expected
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distance to the next patrol car is 20 + 20 miles. If you (accidentally) go over
the legal speed limit and a trooper happens to be nearby and pulls you over,
no need to complain about bad luck: zero distance to the trooper is within
the expected range 20 £ 20.

12.7 M.g.f. for a standard normal r.v.. If 7 is a standard normal
random variable, then

1 o 1 o0
Mz(t) = —%/ eme_IQ/Q dr = —27T / @_(x_t)2/26t2/2 dz

The factor e!’/2 can be factored out (it does not contain , the variable of
integration). The remaining integral would contain the density function of
a normal random variable N (¢, 1) (recall 8.7). Hence, the remaining integral
will be equal to one by the normalization rule (5.2). We thus get

My(t) = /2

12.8 A rule for m.g.f.. Let X be a random variable with moment gener-
ating function Mx(t), and Y = a + bX, where a and b > 0 are constants.
Then

My(t) = Gat : Mx(bt)

Indeed, by 12.1,
My(t) — E<€tY) — E(eat-‘rth) — E(eateth)

Now, e does not contain X, so it can be factored out by Rule 1 in 10.17.
Also, E(e?X) = Mx (bt) by the formula in 12.1, where ¢ is replaced by bt.

12.9 M.g.f. for a normal r.v.. If X is a normal random variable N (u, 02),
then X = pu+ oZ by 8.6. Now, by the rule of 12.8 and the formula of 12.6

we get
Mx(t) = ehte(@t)?/2 — gutta®t?/2

12.10 Variance of a normal r.v.. Differentiating M (¢) in 12.9 gives
Mic(t) = (u -+ oPt)ert o2
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and so E(X) = M%(0) = p, which we know already (10.18).
With a little extra work, we can differentiate once again:

MUE(t) = (02 + pi? + 2uc’t 4+ ott?) et /2
and so F(X?) = M%(0) = 0® + u?. Therefore,
Var (X) = E(X?) — [E(X))] = o2

and then oy = Vo2 =o0.

12.11 Notational remark. Now we see that the second parameter of a
normal random variable X = N(u, 0?) is its standard deviation o = ox. It
is now clear why it is denoted by o, it so conveniently matches the more
general notation ox. Moreover, in many textbooks even the mean value of
random variables X is denoted by px, again to match the first parameter of
the normal random variable.

12.12 M.g.f. for a Poisson r.v.. A Poisson random variable X takes
values k =0, 1,2, ... with probabilities P(X = k) = 2—?6**, see 4.15. Then

Mx(t) = Zetk -P(X =k)= Zetkﬁe_)‘
k=0 k=0 ’
G ()\et)k Y - ()‘et)k et det—A
= Z o e :)\Z—k! e e
k=0 k=0

The factor e’ can be factored out (it does not contain the variable k).
Then the remaining sum simply equals one because it adds the probabilities
of the poisson()\e') random variable. Hence,

Mx(t) = X = A1)
a “double exponential” function.
12.13 Variance of a Poisson r.v.. Differentiating Mx (¢) in 12.12 gives
M (t) = et e =)

and so F(X) = M%(0) = A, which we know already.

76



With a little extra work, we can differentiate once again:
My () = (A2 4+ X) et XD
and so E(X?) = M%(0) = A? + X\. Therefore
Var (X) = E(X?) — [BE(X)]? =\

and then oy = V.

12.14 M.g.f. for a geometric r.v.. A geometric random variable X takes
values n = 1,2, ... with probabilities P(X = n) = pg" !, see 4.7. Then

o0
=1

Mx(t) =) pg" e = pe' > (ge')"
n=1

n
This is a geometric series, so

t

MX<t) = 1_q€t

By differentiating this function (we omit tedious details) one gets E(X) =
1/p and Var (X) = q/p*.

12.15 Summary. The above results are summarized in a chart below:

E(X) Var(X) ox Mx(t)

binomial(n, p) np npq Vg (pet +q)"
geometric(p) Up a/p*  Valp
poisson(\) A A VA M=)
uniform U(a, b) ath (bzg r ’z/_—l%
exponential(\) /A 1/)2 /A 2
st.normal N(0,1) 0 1 1 et'/?
normal N (p,o0?) o o? o eHtto*t*/2

77



Remark: in the chart 12.15, the variance of U(a,b) can be easily found by
direct integration: if X = U(a,b), then

b x2 a 2
Var (X) = E(XQ)—[E(X)F:/ dx—ﬂ

. b—a 4
v =d  (a+D)? B +a®—2ab
3(b—a) 4 12

12.16 A special rule for m.g.f.. If X and Y are independent random
variables, then
Mx 1y (t) = Mx (¢) My (1)

Indeed, we have

Myiy(t) = E ('5)) = B () = (by 10.25) = E(e")-E(e™) = Mx (t) My (t)

12.17 Stable distributions. The special rule 12.16 can be used to find the
distribution of X + Y, if X and Y are given independent random variables.
For example, if X = N(uy,07) and Y = N(po,05) are two independent
normal random variables, then X + Y has m.g.f.

MX-i-Y(t) _ €u1t+0ft2/2 . e“1t+aft2/2 — e(u1+u2)t+(0%+‘7§)t2/2
By 12.15, we got the m.g.f. of the normal random variable N (11 + pg, 02 +03).

Hence, the sum of two independent normal random variables is also normal,
and we get a rule:

N(p1,07) + N(pz,03) = N1 + pia, 07 + 03)
Similarly, if X =poisson(A;) and Y =poisson(Ag), then
My sy (f) = M EDME D _ et
hence X + Y =poisson(A; + Ag). Lastly, if X = b(ny,p) and Y = b(ns, p),

then
Mxy(t) = (pe' + q)™ (pe’ + q)"* = (pe' 4+ ¢)™ "

hence X +Y = b(ng + ng,p). The last conclusion is not surprising, though,
since X +Y is the total number of successes in two series of trials, of lengths
ny and ns, respectively. The trials are independent, so we have n; + no
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similar trials (with probability of success p in each). Now it is clear that
X +Y =b(n1 + ng,p).

If the type of distribution is preserved when two independent random
variables with distributions of that type are added, we call such distributions
stable. Hence, binomial, Poisson, and normal distributions are stable. The
others (uniform, geometric, exponential) are not.

12.18 Manipulations with normal random variables. We know from
Section 8 that when you rescale a normal random variable, you get another
normal random variable. Now we know that if you add two independent nor-
mal random variables, you get another normal random variable. Combining
these two rules, we can state:

12.19 Rule for normals. Let X = N(uj,0?) and Y = N(ug,03) be
independent normal random variables, and a,b two constants. Then W =
aX + bY is a normal random variable

W = N(ap, + bus, a’o} + b*03)

12.20 Example. Let X = N(—1,3) and Y = N(2,1) be independent
random variables. Compute the probabilities of the following events: (a)
P(X+2Y >2),(b) P(X >Y), (¢c) P2X <Y —2).

Solution. We have W = X +2Y = N(—=1+2-2,3+2%2.1) = N(3,7),

hence
P(X+2Y>2):P(W>2):1—<I)(E) = 0.6480
VT
Similarly, in the case (b) we have V = X -Y = N(—1-2,3+1) = N(—3,4),
hence
0—(-3)
V4

In the case (¢), R=2X —Y = N(2(—=1) — 2,22 -3 + 1) = N(—4,13), hence

(=2) - (=%
V13

P(X>Y):P(X—Y>O):1—<I>( >:0.0668

P(2X<Y—2):P(2X—Y<—2):<I>( ):0.7088
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13 Covariance and Correlation

This is a measure of dependence between random variables.

13.1 Covariance. In 11.6, we derived a rule for the variance Var(X; + X5)
and obtained

Var(X1 + XQ) = Var (Xl) + Var (XQ) + 2E(X1X2) — 2E(X1) . E(Xz)

By the special rule 10.25 for independent random variables F(X;X5) =
E(X;) - E(X3), and then the last two terms cancel, thus we had the Rule 4
in 11.6. Here we are going to consider dependent random variables. Then
the quantity

Cov(Xy, Xo) = B(X, X2) — E(X)) - B(Xs) (13.1)

may not be zero. We call it the covariance between X; and X5. Alternatively,
one can put

Cov(Xy, Xa) = E[(X1 — E(X1))(Xy — E(X))] (13.2)
The equivalence of (13.1) and (13.2) can be easily verified just like in 11.3.

13.2 A rule for variance. Now, the rule for the variance can be stated as
Var(X; + X3) = Var (X;) + Var (X3) + 2 Cov (X7, X5)

This rule is valid for any random variables X; and X,, independent or
not. Note that the above equation resembles a simple algebraic formula
(a+b)? = a® + b* + 2ab.

13.3 Covariance and dependence. For independent random variables X
and Xy we have Cov(Xy, Xy) = 0. The covariance is often regarded as the
measure of dependence between random variables. The larger the covariance,
the stronger the dependence between the random variables.

Note, however, that sometimes dependent random variables may have
zero covariance (see 13.7 below).

13.4 Rules for covariance.
(a) For any random variable X

Cov(X, X) = Var(X)
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(b) The covariance is symmetric:
Cov(X,Y) = Cov(Y, X)
(c) The covariance is linear in both arguments:
Cov(a1 X1 4 a2 Xs,Y) = a; Cov(X1,Y) + as Cov(Xs, Y)

Cov(X, 01 Y] + byYs) = by Cov(X,Y)) + by Cov(X, Y3)

(d) If X and Y are independent, then Cov(X,Y) = 0.
(e) If X is a constant, i.e. takes one value with probability one, then
Cov(X,Y) =0 for any r.v. Y.

One can verify these rules easily based on the definition of covariance in
13.1.

13.5 Example. Let X = U(0,1). Find Cov(X, X?).
Solution. Here we use (13.1) and 10.24:

Cov(X,X*)=B(X*) - E(X)-BE(X*) =~~~ -

13.6 Example. Let X and Y be independent uniform U(0, 1) random vari-
ables. Find Cov(X +2Y,X? —Y).
Solution. Here we use the rules of 13.4:

Cov(X +2Y,X*—-Y) = Cov(X,X?) +2Cov(Y,X?) — Cov(X,Y) —2Cov(Y,Y)
1

1 1
- 9 -
g FUF0=2xm =7

13.7 Example. A random variable X takes three values —2,0 and 2, with
probability 1/3 each. Let Y = X2 Compute Cov(X,Y).

Solution. Tt is easy to see that F(XY) = E(X?3) =0, and also F(X) =0
and E(Y) = 8/3 (the value of E(Y) is not important, though). Then
Cov(X,Y) =0.

Note: in this example X and Y are obviously dependent (having X one can

compute Y precisely). But, for some strange reason, X and Y have no co-
variance. This “mystery” is cleared in 13.12 below.
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13.8 Correlation. If Cov(X,Y') # 0, it tells us that X and Y are dependent.
But how strong is the dependence? The following modification of covariance
estimates the strength of dependence quite accurately:

Cov(X,Y)

p(X,Y) =
0x Oy

This is called the correlation, or correlation coefficient, between X and Y.

13.9 Rules for correlation.
The correlation only takes values in the interval [—1, 1], that is

(b) If X and Y are proportional, i.e. Y = aX + b with some constants a and
b, then p(X,Y) = £1. Precisely, p(X,Y) =11if a > 0 and p(X,Y) = —1 if
a < 0.

Remark: It is interesting that the converse of 13.9(b) is true: if p(X,Y) = £1,
then X and Y are proportional, i.e. Y = aX + b with probability one.

13.10 Correlation as measure of dependence. The above rules justify
the following common interpretation of the correlation coefficient:

(a) If p(X,Y) =0, then X and Y are practically independent (one often says
that X and Y are uncorrelated).

(b) If p(X,Y) = 0, then X and Y are weakly dependent, i.e. knowing X very
little can be said of Y (and vice versa).

(c) If p(X,Y) =~ £1, then X and Y are strongly dependent, i.e. knowing X
the value of Y can be determined quite accurately, if not precisely (and vice
versa).

Example 13.5 continued. Compute p(X, X?).
Solution. Recall that Var (X) = 1/12. By the rules of 10.24, Var (X?) =
E(X*) —[E(X?)]?=1/5—(1/3)? = 4/45. Hence,

Cov(X, X? 1/12
o(X, x?) = SVEXT) / ~ 0.968

Ox " 0x2 V1/12-\/4/45

A very strong dependence! Indeed, X and X? are obviously dependent:
knowing X one can compute X2 = X - X, and knowing X2 one can compute
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X =vX2

13.11 The sign of correlation. If p(X,Y) > 0, then X and Y are posi-
tively correlated. This means that if X happens to be above its mean value
(fluctuates upward), then Y is also very likely to be above its mean value. If
X is below its mean value, then the same probably happens to Y.

On the contrary, if p(X,Y) < 0, then X and Y are negatively correlated,
i.e. fluctuate in opposite directions: when X goes up Y goes down, and vice
versa.

13.12 Examples. Recall that in Example 13.5 we have p(X, X?) = 0.968,
a very high positive value. Indeed, X and X? are positively correlated: the
higher X, the higher X2

In Example 13.7, we have p(X,Y) = 0. Look closely at this example and
you see that whether X happens to be above its mean value 0 (i.e., X = 2)
or below it (i.e., X = —2), we have Y = 4. So, changing X either way from
its mean value sends Y in one direction — upward. This is a good enough
reason why X and Y are uncorrelated!

We now turn to two more, quite special, numerical characteristics of ran-
dom variables.

13.13 Skewness. The skewness of a random variable X is

b = (E[X - E(X)]3)2

0%

It characterizes the degree of asymmetry of the density of X about the mean
value E(X). For example, 4, = 0 for any normal random variable N (u, 0?),
because its density is perfectly symmetric about its mean value y. The same
is true for any uniform random variable U (a, b).

13.14 Kurtosis. The kurtosis of a random variable X is

5, = EIX = BX)

Ox

This one characterizes the heaviness of the tails of the density f(x) of X, i.e.
its behavior of f(x) far away from the mean value E(X). More precisely, if
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f(x) has heavy (thick) tails far from the mean value E(X), then the kurtosis
is high. We note that #; > 1 for all random variables. Any uniform random
variable U(a,b) have practically no tails (its density drops to zero beyond
the interval (a,b)), and it has 3, = 1.8. Normal random variables have tails,
but those are thin, they decrease to zero and practically vanish very rapidly
away from E(X). For normal random variables we have [, = 3.
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14 Law of Large Numbers

14.1 Motivation: relative frequency. We resume our discussion in 11.14.
Recall that we had X = b(n,p), and then X, = X/n was the relative fre-
quency of successes in a series of n Bernoulli trials. Its mean value was

E(X,) = p and its variance Var (X,,) = pg/n. We concluded in 11.14 that
X,, concentrated more and more tightly near its mean value p, as n grows.
Here we investigate this issue further. It is one of the central issues in prob-
ability theory.

We need to estimate precisely by how much a random variable can deviate
from its mean value.

14.2 Markov inequality. Let X > 0 be a random variable, and £ > 0 a
real number. Then 2%
P(X >t) < %

This inequality estimates the probability that X takes large values.

14.3 Example. Let X be nonnegative and E(X) = p. What can we cay
about the probability P(X > 10u)?
Solution: By Markov inequality,
7 1

PX > 10p) < - = —
(X'2100) < 757 = 15

Hence, there is not much chance (at most 10%) that a random variable ex-
ceeds ten times its mean value.

14.4 Chebyshev’s inequality. Let X be a random variable, and y > 0 a
real number. Then

Var (X)

P(X - E(X)[ > y) .2

IN

This inequality estimates the probability that X deviates by more than y
from its mean value E(X).

14.5 Example. Let X = N(u,0?). We can estimate the probability
P(|X — pu| > 30) by Chebyshev’s inequality: P(|X — u| > 30) < 0%/(30)% =
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1/9. We also know that P(|X — u| > 30) = 2(1 — ®(3)) = 0.0028, from the
table for the function ®. Since 0.0028 < 1/9, the estimate is correct.

14.6 Remark. In the above example, the estimate 1/9 = 0.1111 is quite
inaccurate, it is much higher than the actual value 0.0028. It is like an ad
of an auto insurance company promising that your monthly premium would
never exceed $10,000 (per month). Such a statement is correct but practi-
cally useless, if not ridiculous. Back to Chebyshev’s inequality, indeed, for
most random variables it is an overkill - it overestimates P(| X — E(X)| > y),
it gives a bound well above the actual value. On the other hand, Cheby-
shev’s inequality is universal, it applies to any random variable. It cannot
be improved without sacrificing universality, because for every y > 0 there is
an “ugly” random variable X for which P(|X — E(X)| > y) = Var (X)/v?,
i.e. Chebyshev’s inequality becomes identity. We will see that below.

14.7 The proof of Markov inequality is quite simple and instructive.
Given X, define a new random variable X; by

t i X >t
X = { 0 otherwise

Note that, obviously, X; < X, hence E(X;) < E(X). On the other hand,
X, takes only two values (0 and ), so its mean value can be easily computed:

E(X))=t-P(X;=t)=t-P(X >1t)
Combining these two facts gives Markov inequality.

14.8 The proof of Chebyshevs inequality is also simple and instructive.
Given X, define a new random variable X; by

.o J v X - EX) >y
™) 0 otherwise

Note that, obviously, X; < |X — E(X)|?, hence E(X,) < E(|X — E(X)[?)
Var (X). On the other hand, E(X;) = y*- P(X; = 3?) = y*- P(|X — E(X)]
y). Combining these two facts gives Chebyshev’s inequality.

The proof also suggests an idea how to construct a random variable X
for which P(|X — E(X)| > y) = Var (X)/y?. Such a random variable must

>
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satisfy the condition X; = |X — E(X)|?, where X; is defined above. In other
words, X can only take two values: E(X)+y and E(X)—y. The rest of the
construction is simple and left to the students.

14.9 Example. Suppose that a random variable X has mean value E(X) =
10 and variance Var(X) = 9. By using Chebyshev’s inequality, estimate the
probability P(X > 25).

Solution. The event {X > 25} can be represented as {X > 10 + 15)
or {X — 10 > 15}. It is a subset of the event {|X — 10| > 15}. Then by
Chebyshev’s inequality

9 1
P(X>25)<P(|X-10/>215) < — = —

| | | |

0 100 200 300 400 500 n

The convergence of X, to p = 1/2

14.10 Back to relative frequency. As in 11.14, let X = b(n,p) be the
number of successes in n Bernoulli trials, and X,, = X/n the relative fre-
quency of successes. We have E(X,) = p and Var (X,,) = pg/n. Let y > 0
be any number. By Chebyshev’s inequality
- pq
P(X, —p| >y) < —
(1% —pl =) < 5
As n grows, the right hand side decreases to zero. Hence, the probability
that X,, deviates from p by more than y is getting smaller and vanishes as
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n — o0o. This is true for all y > 0. Hence, all deviations of X, from p vanish
as n — 00. The random variable X, indeed converges to p as n — oo, as we
guessed in 11.14.

We observed in 10.20 that a binomial random variable X = b(n, p) is the
sum of n independent Bernoulli random variables: X = X;+---+ X,,. Then
the relative frequency of successes X,, can be written as X,, = (Xy 4+
X,)/n, i.e. X, is the experimental average of the Bernoulli random vari-
ables X1, ..., X,. The above fact then says that the experimental average of
Xi,..., X, converges to the (theoretical) mean value F(X;) = p as n — oc.
In this form, the fact can be extended to more general random variables:

14.11 Law of Large Numbers. Let X, X5, ... be independent identically
distributed (i.i.d) random variables. Let p = E(X;) be the common mean
value of all X;’s, and o? = Var (X;) the common variance of all X;’s. For
each n let

_ _X1+...+Xn

Xn (14.1)

n

be the (experimental) average of X;’s up to n. Then the random variable X,
converges to p as n — 0o. Precisely, for every real number y > 0 we have

0.2

P(|X, —pl >y) <

v !
as n — 0o.

Indeed, the above inequality is simply Chebyshev’s inequality, because
Var (X,,) = [Var (X1) + - - + Var (X,,)]/n* = o2 /n.

14.12 Time average. Recall that one gets a sequence of i.i.d. random vari-
ables every time a random experiment repeated under the same conditions.
Then the obtained experimental data Xy, ..., X,, are i.i.d. random variables.
Here n plays the role of time, and the experimental average (14.1) can be
called the time average. Then the law of large numbers says that the time
average approaches, as time goes on, the mean value p = E(X;). That is,
X, is getting closer and closer to ; and sooner or later becomes practically
indistinguishable from .

14.13* Monte-Carlo Integration. The law of large numbers can be used
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to integrate functions. For example, consider a double integral

//Rf(x,y) dx dy (14.2)

over a region R (for simplicity, let R be a part of the unit square 0 < z,y < 1).
Such integrals are often hard to compute, because either the function f or
the region R, or both, may be quite complicated. Standard methods for
numerical integration may be hard to implement or become inefficient. There
is, however, a straightforward computer algorithm based on the law of large
numbers.

The computer program generates pairs of uniformly distributed random
variables (z1,v1), (z2,v2),.... Each pair (x;,y;) is generated by calling an
RNG, cf. 5.21, twice (once for z; and once more for y;). Pairs (z;,;) that
are not in the region R, are ignored. For each pair (z;,y;) that is in R one
computes the value f; = f(z;,v;). Then the average value

fit ot

- (14.3)

approximates the integral (14.2). The larger n the better approximation.
Easy, isn’t in?

Since this algorithm is based on random numbers (i.e., resembles playing
roulette), it is called Monte-Carlo integration.

Note that our Remark 9.8 describing a way to compute the number 7 with
the help of an RNG was exactly a case of the Monte-Carlo integration. In
that example, the region R was a quarter of the unit circle, and the function
f(z,y) =1 (so that the integral (14.2) actually coincided with the area of R,
see again 9.7).

A drawback of the Monte-Carlo integration is a slow convergence of the
average (14.3) to the integral (14.2). One really needs to compute a lot of
fi’s in (14.3) to obtain an accurate value of (14.2). We will see that in the
next section.

89



15 Central Limit Theorem

15.1 Binomial r.v. for large n. Let X = b(n,p) be a binomial random
variable with large n. Its density function is P(X = k) = C,, xp*(1—p)"~* for
0 <k <n,cf (4.1). As we pointed out in 4.14, this formula for P(X = k)
is practically useless for large n. We found in 4.14 a simple approximation
formula (Poisson law) that works for large n and small p. But what if p is
not small?

Remarkably, then the binomial random variable X = b(n,p) can be well
approximated by a normal random variable, Y = N(u, 0?). The calculations
that lead to this approximation are quite complicated, so we skip them.
Instead, let us consider the proper choice of 4 and o2, the parameters of Y.
Recall that p = E(Y) and ¢ = Var (V). Now if we want the normal random
variable Y = N(u,0?) to match the binomial random variable X, then we
expect that their mean values are equal, E(X) = FE(Y), and their variances
are equal, Var (X) = Var (V). This gives the choice

p=FEY)=EX)=np  and 0? = Var (Y) = Var (X) = npq

15.2 De Moivre-Laplace Theorem. The binomial random variable X =
b(n, p) is approximated by a normal Y = N (u, 0?) with 1 = np and 02 = npq.

15.3 Example. Toss a coin 100 times and let X be the number of Heads.
Find the probability P(X < 50).

Solution. Since X = b(100,0.5), then by 15.2 we have X ~ Y =
N(50,25). Now we proceed as

P(X <50)~ P(Y <50) =& (50\/_2_;3()) = 3(0) =05

Wait a minute. Is this right? Not quite. Indeed, if this was right, then
P(X >51) =1— P(X <50) = 0.5. On the other hand, the above same
method applied directly yields

51 — 50
P(X251)zP(Y251):1—<I>(
V25

Of course, 0.5 # 0.4207, there is an almost 8% difference! Something is
wrong.

) =1 - ®(0.2) = 0.4207
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One can see now what is wrong. The random variable X = b(n,p) is
discrete, it takes only integer values. So, the events X < 50 and X > 51
are complementary to each other. The open interval in between, 50 < X <
51, is irrelevant, its probability is zero. On the contrary, Y = N(u,o?) is
continuous, and the probability P(50 < Y < 51) is positive. It is exactly
this probability that we overlooked.

Note that the interval (50,51) is a “border” interval, a gap between the
event X < 50 and its complement X > 51. To take a proper care of this
border interval, we divide it in half and include one half into the event X < 50
and the other half into the complement X > 51. In other words, the event
and its complement “split up” the border interval.

Now we correct our solution. The proper range for Y is Y < 50.5. Hence

50.5 — 50

P(X§50)QP(Y§5O.5):CD( V25

) = (0.1) = 0.5398

15.4 Correction for continuity (or “histogram correction”). When
applying De Moivre-Laplace theorem, divide the border interval(s) in half
and include one half into the region for Y.

15.5 Example. Toss a coin 100 times and let X be the number of Heads.
Find the probability P(40 < X < 55).

Solution. As in 15.3; X = 5(100,0.5) and X ~ Y = N(50,25). Now we
apply correction for continuity. The event in question is 40 < X < 55. The
complement is X < 39 and X > 56. There are two border intervals: (39, 40)
and (55,56). Then the proper range for Y is 39.5 <Y < 55.5, and

P(A0< X <55) ~ P(39.5<Y < 55.5)

o (55.5—50) o (39.5—50)
V25 V25
= ®(1.1) — B(—2.1) = 0.8643 — 0.0179 = 0.7464

15.6 Example. Toss a coin 100 times and let X be the number of Heads.
Find the probability P(X = 50).

Solution. As before, X = 5(100,0.5) and X ~ Y = N(50,25). Now we
apply correction for continuity. The event in question is X = 50 or 50 < X <
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50. The complement is X < 49 and X > 51. There are two border intervals:
(49,50) and (50,51). Then the proper range for Y is 49.5 <Y < 50.5, and

P(50 < X <50) ~ P(49.5<Y < 50.5)

C® (50.5—50) o (49.5—50)
V25 V25
= ®(0.1) — ®(—0.1) = 0.5398 — 0.4602 = 0.0796

This finally answers the question 1.13!

15.7 Example. A student knows answers to 75% of questions in a course.
A test is made up of some 12 questions. What is the probability that the
student answers at least 10 correctly?

Solution. Let X be the number of test questions the student answers
correctly. Then X = 0(12,0.75). By 15.2, X ~ Y = N(9,9/4). Now we
apply correction for continuity. The event in question is X > 10. The
complement is X < 9. The border interval is (9, 10), so the proper range for
YisY > 9.5, and

P(X>1O)zP(Y29.5):1—<I>(9'5_9

- /o7

15.8 Example (with a twist). A student knows answers to 75% of ques-
tions in a course. The professor asks the student questions until 20 correct
answers are given. What is the probability that at least 25 questions will be
necessary?

Solution. Note that the number of trials (questions) is not specified here.
So, we need to describe our event better. We begin with a logical conclusion:
if at least 25 questions are necessary, then 24 are not enough. This means that
after the 24th question, the student still has not given 20 correct answers.
Now the event looks familiar. Let X be the number of correct answers given
to the first 24 questions. Our event is X < 20, i.e. X < 19. Now we are ready
to solve the problem. First, X = b(24,0.75). By 15.2, X ~ Y = N(18,9/2).
Now we apply correction for continuity. The event in question is X < 19.
The complement is X > 20, so the range for Y is Y < 19.5, and

19.5 - 18

NoTE

P(X <19)~ P(Y <19.5) = ® ( ) — $(0.71) = 0.7611
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15.9 Remark. De Moivre-Laplace theorem requires n be large. In practice,
the theorem works well whenever n > 25. Even for smaller values of n the
theorem is often applied with good results, as we did in Examples 15.7 and
15.8. When n is very small, like n = 5 or n = 10, it may be actually easier to
compute the binomial probabilities directly by (4.1), and get an exact answer.

15.10 Generalizing 15.2. We observed in 10.20 that a binomial random
variable X = b(n,p) is the sum of n independent Bernoulli random vari-
ables: X = Xj 4+ --- 4+ X,,. Therefore, E(X) = nE(X;) and Var(X) =
n Var (X;). Now De Moivre-Laplace theorem can be restated as the fact
that X = X; + --- + X,, is approximately a normal Y = N(u,0?) with
pu=mnE(X;)and 0? = nVar (X;). In this form the theorem can be extended
to more general random variables:

15.11 Central limit theorem for S,,. Let X, Xs,..., X, be independent
identically distributed (i.i.d) random variables. Let ux = E(X;) be the
common mean value of all X;’s, and 0% = Var (X;) the common variance of
all X;’s. For each n let S, = X; 4+ --- 4+ X,,. Then for large n the variable
S, is approximately normal Y = N(u,0?) with p = FE(S,) = nux and
o? =Var (S,) = nok:

S, ~ N(u,0%) with p= E(S,) =nux, o>= Var(S,)=no%x (15.1)

15.12 Central limit theorem for X,. In the context of 15.11, let X,, =
Sn/n = (X1 + ---+ X,,)/n be the experimental average of X;’s. Then for
large n the variable X,, is approximately normal ¥ = N (u,0?%) with p =

E(X,) = pux and 02 = Var (X,,) = 0% /n:

X, ~ N(p,0?) with p=E(X,)=px, 0> = Var(X,) =oc%/n (15.2)

15.13 Example. Suppose we roll a die 50 times. What is the probability
that the sum of the numbers obtained lies between 150 and 190 (inclusive)?

Solution. The sum of the numbers is S50 = X1+ - -+ X590 where E(X;) =
3.5 by 10.4 and Var (X;) = 2.92 by 11.4(c). By the central limit theorem
15.11 we have S50 ~ Y = N(175,146). Since the random variable S, is
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discrete, we need to apply correction for continuity, thus we get the range
for Y as 149.5 <Y < 190.5. Hence

P(150 < X < 190) ~ P(149.5 <Y < 190.5)

- <190.5 - 175) % <149.5 - 175)
V146 V146
= $(1.28) — ®(—2.11) = 0.8997 — 0.0174 = 0.8823

15.14 Example. Suppose the weight of a certain brand of bolt has a mean
of 1 gram and a standard deviation of 0.13 grams. Estimate the probability
that 100 of these bolts will weigh more than 102 grams.

Solution. By the central limit theorem the total weight W is approxi-
mately normal Y = N (100,100 x 0.13?) = N(100,1.69). Since W is (obvi-

ously) continuous, we do not apply correction for continuity. Hence

102 — 100
v 1.69

Note that we do not know the distribution of the weights of individual bolts,
that is irrelevant! All we need to know is the mean weight and the standard
deviation.

P(W >102) ~ P(Y > 102) = 1—® ( ) = 1-®(1.54) = 1-0.9382 = 0.0618

15.15 Remark. The above example illustrates the universality of the cen-
tral limit theorem. Basically, any random variable that is the sum of many
independent small components is approximately normal. Or, put it differ-
ently, any experimental value that is the result of a combination of many
small factors is approximately normal. This explains why it is customary
to assume that experimental data have normal distribution: like the height
of an adult person, the lifetime of a person, the weight of a fish caught at
random in a pond, the air temperature in weather forecasts, etc. It is not too
much of an exaggeration to say: everything random in nature and sciences
has normal distribution, unless some specific constrains apply.

15.16 Example. A basketball player makes 80% of his free throws on the

average. During the season he makes 1000 free throws in official games. Let
X be the frequency of successes. Estimate P(]X — 0.8 < 0.01).
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Solution. The total number of successes in 1000 throws is X = b(1000, 0.8),
and X = X/1000. Hence, F(X) = 0.8 and Var (X) = 0.16/1000 = 0.00016.
By 15.12, X ~ Y = N(0.8,0.00016). Then

P(IX — 0.8 <0.01) ~ P(]Y —0.8 <0.01)

o (0.81 - 0.8) o (0.79 - 0.8)
v/0.00016 v0.00016
= 0(0.79) — ®(—0.79) ~ 0.7852 — 0.2148 = 0.5704

15.17 Example. Suppose the lifetime of a light bulb is an exponential
random variable with mean 5 hours. A housekeeper wants to buy a set of
light bulbs with total lifetime at least 100 hours. What is the probability
that 22 bulbs will not be enough?

Solution. The total lifetime of 22 bulbs is Sos = X; + - - + X5,, where
X, =exponential(1/5). (Here A = 1/E(X;) = 1/5 by 10.14.) Now we have
Var (X;) = 1/)\? = 25 according to 12.5. By 15.11 we have Sy ~ Y =
N(110,550). Hence,

100 — 110
V550

Note: it is note so small, 33%. How come? The average lifetime of 20 bulbs
is 100 hours already, and the housekeeper has two extra bulbs (with total
average lifetime 10 hours!), just in case. Still, this may be not enough with
probability 33%... The reason why this strange result takes place is the un-
predictability of exponential random variables we have seen in 12.6. Indeed,
some (or several) of those light bulbs can burn down very quickly, and this
is not at all unusual, as 12.6 explains. Devices with exponential lifetime are
very risky!

P(Sy < 100) &~ P(Y < 100) = & ( ) = (—0.43) = 0.3336

15.18 Normal approximation to Poisson. Let X =poisson()\) with a
large A\. Now we want to approximate X by a normal. According to 12.17,
X is the sum of many independent Poisson random variables (with smaller
parameters). More precisely, X = X; + --- + X,, where X; =poisson(\/n).
Hence, by 15.11 we have X ~ N(u,0?) with y = F(X) = X and ¢% =
E(X) = \. So we can write

poisson(A) &= N(A, \)
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for large A. When you use this rule, do not forget about correction for con-
tinuity — Poisson random variables are discrete!

15.19 Example. Let S, be the sum of n independent uniform U(0,1)
random variables. Approximate S, by a normal.

Solution. If X = U(0,1), then F(X) = 1/2 and Var (X) = 1/12 (by
11.14b). Hence, E(S,) = n/2 and Var (S,) = n/12. We thus get

S, ~ N(n/2,n/12)

When you use this rule, do not apply correction for continuity (uniform ran-
dom variables are continuous).

15.20 Generating a normal r.v. by computer. The above example
suggests a simple, reliable, and hence widely used in practice method of
generating a standard normal random variable Z = N(0, 1) by computer. It
is convenient to pick n = 12, then S5 &~ N(6, 1), so that Sj; — 6 ~ N(0,1).
A simple computer code calls a standard random number generator 12 times,
adds the resulting 12 numbers, subtracts six from the sum, and that’s it!

If you need to generate any normal variable Y = N(u, 0?), then generate
Z as above and compute Y =y +oZ.

Below is a short computer code (in two popular languages, FORTRAN and
C) that does the job. RAND is the call of a random number generator.

FORTRAN: 2=-6.0 C: 2=-6.0
DO 1 I=1,12 for (i=0;i<12;i++)
1 Z=Z+RAND Z=Z+RAND
Y=MU+SIGMA*Z Y=mu+sigma*Z

15.21 Example. One plays a game repeatedly, each time either winning $1
with probability p or losing $1 with probability ¢ = 1 — p. Let S,, be the
total gain (or loss) after playing n games. Approximate S, by a normal.

Solution. First, S, = X; + -+ + X,,, where X; = £1 are gains/losses in
individual games. Let X; be a random variable that takes two values: +1
with probability p and —1 with probability ¢ = 1 — p. We have

E(X;))=1xp+(-1)xq=p-—q=2p—1
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and
Var (X;) = E(XZQ) - [E(Xz)]z =1—(2p— 1)2 =4p — 4p2 = 4pq
Hence, E(S,) = (p — ¢)n and Var (S,,) = 4pgn. We thus get

Sn = N((p — q)n, 4pgn)
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16 Random Walks (Gambler’s Ruin)

16.1 Back to Example 15.21. Suppose a gambler plays a game repeatedly,
each time either winning $1 with probability p or losing $1 with probability
g = 1 — p. He/she starts with = dollars, and after n games possesses S,
dollars. Approximate S,, by a normal.

Solution. The only difference here from Example 15.21 is the given initial
capital of x dollars. Hence, after n games the gambler has

Sp=x+X; 4+ X, (16.1)

dollars. Here X; = +£1 are his/her gains/losses in individual games for i =
1,...,n. As we found in Example 15.21, F(X;) = p — ¢ and Var (X;) = 4pq.
Hence,

E(S,)=z+(p—qn and Var(S,) = 4pgn

We thus get
Sp & N(z + (p — q)n, 4pgn) (16.2)

16.2 Asymptotics in the symmetric case p = ¢. It is interesting to see
how S,, evolves in the distant future, i.e. asymptotically as n — oo. We first
consider the “fair game” situation, when p = ¢ = 1/2. It is a symmetric
case, where S, is equally likely to go either way, up or down. The expression
(16.2) takes form

Sn ~ N(z,n) (16.3)

Hence, S, is approximately normal with a constant mean value (= z) and a
growing standard deviation o = /n. This means that:

(a) on the average, S, remains unchanged (the gambler does not win or lose,
on the average),

(b) the typical values of S,, are z £ +/n, i.e. typical total gains or losses grow
as y/n.

The typical values of S, are getting farther and farther away from z (in
both directions) as n grows. More precisely, S,, “drifts away” from x, then
comes back and drifts in the opposite direction, comes back again, etc., each
time its journeys away from z are getting farther and longer in time. This
is a process called “diffusion” in some physical models. The evolution of S,
resembles the diffusion of a test molecule in a gas.
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16.3 Asymptotics in the asymmetric case p # q. We now consider the
“unfair game” situation, when p # ¢q. The evolution of S,, is described by
(16.2). Of course, the cases p > ¢ and p < ¢ are symmetric to each other.
Let us look at the case p > ¢, i.e. where the gambler is more likely to win
than lose. (Not realistic, eh? Well, think of the casino owner then — in each
game played by customers, the casino is more likely to win than lose.)

Put 4 = p — ¢ (mean gain per game) and o = \/4pq. Then (16.2) reads

S, ~ N(x + pun,o’n) (16.4)

Now S, is approximately normal with a growing mean value (= x+pun) and a
growing standard deviation oy/n. That is, S, = x + un + oy/n. This means
that S,, grows on the average, and its typical deviations from the average
value grow, too. Typically, S, goes up, but not monotonically or steadily,
it fluctuates up and down, as it grows. As time goes on, its average value
grows, but the fluctuations, too, are getting larger and more violent. Pretty
much like the stock market, right?

From the point of view of the casino owners, these are two competing
process: one (growth on the average) is good, it makes their business stronger.
The other (fluctuations) is bad, it brings risk: a random downturn may erase
their earnings or even ruin them. A vital question is then which process is
stronger: the steady growth on the average or random fluctuations?

The answer is: the steady growth is always stronger. The mean value
grows as x + un, i.e. linearly in n. The fluctuations (typical deviations) grow
as o\/n, i.e. as n'/?, which is much slower than n, because n'/? < n for large
n. This will be illustrated in 16.10 and 16.13.

Employing once again the physical model of a test molecule in a gas, we
have now a diffusion combined with a “drift” in a given (positive) direction
with a constant speed p > 0. Such a diffusion occurs when the test molecule
is placed in a moving gas (under wind): it drifts with the gas and at the
same time wonders about randomly among other molecules.

16.4 Random walks. In probability theory, another pictorial description
of the above process is more customary. A drunk person walks on a street,
making each step randomly, either forward with probability p or backward
with probability ¢. If he starts out at a point x, then his position after n
(random) steps will be S,,.

This is a random walk on a line. One can consider a random walk on a
plane, where a drunk makes a step forward or backward or sideways (either
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left or right) with, say, the same probability 1/4. A more advanced (but
difficult to realize in practice) model is a random walk in space: a drunk
person (no, let’s say just a moving point) moves forward or backward, left
or right, up or down, with the same probability 1/6. This model describes,
quite accurately, the motion of a test molecule in a real 3D gas.

16.4 Restricted random walks. Back to 16.1-16.3. In practice, random
walks are often restricted. A casino owner cannot afford to have his capital
S, drop below zero - if this happens he will have to close down his casino.
The same is true for a gambler - if he/she loses the entire initial capital
(Sn, = 0), then it is all over. Most gamblers (at least the wiser ones) set an
upper limit, too, — they decide in advance to stop playing when they reach a
certain level S, = b (the goal of the day).

Hence, some random walks have to stop as they reach certain levels: a
lower bound = a or an upper bound = b or both. (In practice often the lower
bound a is zero, but we do not require that.) Such random walks are said to
be restricted (or absorbing). If just one bound is set (lower or upper), then
we have a one-sided restricted random walk.

16.5 Parameters of restricted random walks. For a restricted random
walk, the normal approximation (16.2) does not fully apply. In fact, if the
random walk has two restrictions, a < §5,, < b, then the normal approxi-
mation tells us that sooner or later S,, will hit one of the bounds, it cannot
stay in the interval (a, b) forever. Hence, a two-sided restricted random walk
necessarily stops. It stops at some (random) time 7" > 1 and its value Sy is
final, it will never change again. Such a walk can be then characterized by
three parameters: the probabilities P, = P(Sr = a) and P, = P(Sp = b)
of stopping at a and b, respectively, and the mean lifetime E(T"). We note
that since the random walk stops either at a or at b, we have the relation
P,+PF =1

If the random walk has just one restriction, say, S,, > a, then it may either
stop at a at a random time 7" with probability P,, or evolve indefinitely (with-
out going down to a). Again, the mean lifetime E(7T) is a relevant parameter.

16.6 Wald’s identity. According to (16.1), at the stopping time n = T we
have St = x + X1 + -+ + Xp. Recall also that E(X) = p—q = pu. The

100



following equation then looks natural (but we omit the argument):
E(Sr)=a+ pnE(T) (16.5)

It is known as Wald’s identity. In the case of two restrictions, S7 only takes
values a and b, hence E(Sr) = aP, + bP,, so Wald’s identity reads

aP, +bP,=x+ pE(T) (16.6)
This is a very helpful relation.

16.7 Two sided restrictions: symmetric case. In the case p =g =1/2
we have p = 0, so the Wald’s identity (16.6) reads aP, + bP, = . We also
have P, + P, = 1, so solving these two equations for P, and P, gives
_b—=x r—a

_b—a and Pb:b—a

P,

The mean lifetime £(T") can be found from another Wald’s identity, Var (St) =
02 E(T). From this, it is easy to find

E(T)=(z—a)(b—x)

16.8 Example. You play with a friend by flipping a coin. If it comes up
Heads, you win $1, otherwise you lose $1. You start with $10 and plan to
stop when your capital is $50. What is the probability that you reach your
goal? What is the mean number of times you will play?
Solution. We assume the coin is fair, so that p = ¢ = 1/2. We have
x =10, a = 0 (obviously) and b = 50. Then the probability to win is
10—-0
Pyy=——=0.2
P50 -0
So, your chances to hit $50 are not so high, just 20%. The mean number of
games is F(T) = (10 — 0)(50 — 10) = 400. Quite a long affair, too!

Suppose you want to increase your chances to win and decide to bet $5

instead of $1 each time. Does it help? Now it is convenient to treat $5 as
a unit (one step). Then, in these new units, z = 2, a = 0 and b = 10. So
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we have Py, = (2 —0)/(10 — 0) = 0.2. The same as before! You can easily
check that even if you bet $10 each time, nothing will change, still Py, = 0.2.

16.9 Two sided restrictions: asymmetric case. In the case p # ¢ we
have p # 0, so the Wald’s identity (16.6) gives
_aP,+bP —x

E(T) p—

(16.7)

It remains to find P, and P, for which special formulas exist:

(¢/p)"* — (q/p)"* _1—(q/p)*
1—(q/p)be and - By=97 (q¢/p)>—

P, =

16.10 Example. You play roulette in a casino. A roulette wheel has 18 red
spots and 18 black spots and 2 green spots. You can bet $1 on red or black.
If it comes up green, the casino wins either way. So, your chances to win are
18/38=9/19. You start with $10 and plan to stop when your capital is $50.
What is the probability that you win? What is the mean number of times
you will play?

Solution. We have p = 9/19 and ¢ = 1 — p = 10/19. The game is
asymmetric, i.e. unfair, but it seems to be unfair just slightly... Well, wait a
minute. As in 16.8, we have z = 10, a = 0 and b = 50. Then the probability
to win is
_1—(10/9)"
1 (10/9)%0

and the mean number of games is

P = 0.0097

0- (1 —0.0097) + 50 - 0.0097 — 10
~1/19

E(T) = = 180.8

Now compare these results to those in Example 16.8. The chances to win
dropped from 20% to below 1%! The game only seemed to be just slightly
unfair, in the end it turned out to be an almost certain ruin of the gambler...

The good news is that it will be over much sooner, after just 180 rounds
instead of 400...

Suppose you want, as in 16.8, to increase your chances to win and decide
to bet $5 instead of $1 each time. Does it help now? Again, we treat $5 as

102



a unit (one step). Then, in these new units, x = 2, a = 0 and b = 10. So we

have
1-— (10/9)2

~ 1—(10/9)10
Notice a dramatic improvement to over 12% from under 1%. Better yet, you
can bet $10 each time and get

Pyin = 0.1256

1 —(10/9)
win = ——————— = 0.1602
1—(10/9)°
Wow! This is 16%, almost as high as 20% in the fair game of Example 16.8.
The moral of this story is this: if you have to risk in an unfavorable situation,
risk “big”. The longer you play (trying to achieve your goal in small steps),
the more chances against you accumulate, and you will almost certainly lose.

16.11 One sided restrictions: symmetric case. We consider a one-sided
restriction S,, > a (a lower bound is set, no upper bound). The other case,
when only the upper bound is set, is symmetric and left as an exercise. In
the case p = ¢ = 1/2 (a symmetric walk) we use the formulas for P, and
E(T) in 16.7 and take the limit as b — co. We obtain

P,=1 and E(T)=ox

This means that in a fair game with one restriction, the random walk hits
the bound and stops, sooner or later. This is consistent, by the way, with
the diffusive character of the random walk observed in 16.3: the deviations
from the mean value x become longer and longer and go both ways, up and
down. Hence, no matter where the bound is set, it will be hit eventually.

A surprise comes with the formula E(T') = oco. This means that in
practice, it takes arbitrary long (better to say, indefinitely long) to stop a
symmetric random walk with one restriction. If you are lucky, the walk will
drift to the bound and hit it. But it may well drift in the opposite direction
and stay there very, very long time.

16.12 One sided restrictions: asymmetric case. Consider again a one-
sided restriction S,, > a (a lower bound is set, no upper bound). In the case
p # q (an asymmetric walk) we use the formulas for P, and E(T) in 16.9
and take the limit as b — oo. There are two distinct cases here.
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Assuming p < g we obtain

P,=1 and E(T)=-—""
q—7p

The first result comes at no surprise: if the chances to lose (step down) are

higher than the chances to win (step up), then sooner or later the lower

bound S,, = a will be hit (this was so even in the symmetric case p = q).

But now it will not take indefinitely long time: the average lifetime is finite.
Assuming p > ¢ we obtain

P,=(q/p)** and E(T)=o0

Now the random walk does NOT have to hit the lower bound at alll With a
positive probability, 1 — FP,, it may stay above it and live forever. The average
lifetime is, obviously, infinite. This is consistent with the “drift4diffusion”
model of the random walk given in 16.3: the drift upward is stronger than
the diffusion, so it takes the values S,, up to infinity eventually. If the walk
escapes the deadly encounter with the bound a during the early period (when
it may drift dangerously close to a), it will drive up and never come close to
a again.

16.13 Example. A person plans to open a casino with just one roulette
and allow the customers to bet $1 each round. The prospective owner wants
to minimize risk and deposit an initial capital x, so that his chances to go
broke (hit zero) will be less that 0.01%. How much money does he need to
deposit before he opens the business?

Solution. The casino owner wins when the customer loses, i.e. with
probability p = 10/19, see 16.10. Hence, ¢ = 1 — p = 9/19. So we have
Py = (q¢/p)* = 0.9°. We need Py < 0.0001. Equating 0.9" = 0.0001 we get
x = 87.4. Therefore, an initial capital of $88 will suffice.

Notice how small an initial capital is required to secure an almost guaran-
teed success when the odds are in your favor! Even when the game looks “al-
most” fair to the other party (their chances in each game are 9/19 = 47.4%,
just slightly below 50%), the bias in favor of the casino owner accumulates
from game to game and practically denies the customers any chance in the
end.

16.14 Hit probabilities in a symmetric random walk. Consider a
symmetric random walk starting out at x with two-sided restrictions a <
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Sp < b. We want to find the probability P(x,y) that it hits another point
y # x before it stops.

Suppose that y > x. Then we note that the random walk S,, only has
two options: hit a and stop before reaching y, and hit y (of course without
hitting a earlier). These are the same options as for a random walk with
restrictions at a and y (instead of b). By the equations in 16.7 we have

Tr —a

y—a

P(z,y) =

Suppose that y < z. In a similar way, the random walk S,, only has two
options: hit b and stop before reaching y, and hit y (of course without hitting
b earlier). These are the same options as for a random walk with restrictions
at b and y (instead of a). By the equations in 16.7 we have

b—x

P(x,y)zb_y

Example 16.8 continued. You play with a friend by flipping a coin. If it
comes up Heads, you win $1, otherwise you lose $1. You start with $10 and
plan to stop when your capital is $50. What is the probability that you ever
hit $407
Solution. We have
10-0

16.15 Return probabilities in a symmetric random walk. Consider
a symmetric random walk starting out at x with two-sided restrictions a <
Sy, < b. We want to find the probability P(z,z) that the walk ever returns
to x (before stopping at either a or b).

After starting at x, the walk jumps either to x — 1 or to =z + 1, with
the same probability 1/2. Now we can use the formulas P(x — 1,z) and
P(z + 1,z) developed in 16.14 to find the probability to hit z again:

1 1
P(x,z) = §-P(x—1,:v)—|—§-P(x+1,x)
l z—a—-1 1 b—2—-1 b—a
= —.—+_.—:1_
2 zx—a 2 b—=x 2(b—z)(x —a)
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Example 16.8 back again. You play with a friend by flipping a coin. If it
comes up Heads, you win $1, otherwise you lose $1. You start with $10 and
plan to stop when your capital is $50. What is the probability that you ever
have exactly $10 again?

Solution. We have

50 — 0 15
P(10,10) = 1 — ==
(10.10) 2(50 — 10)(10 — 0) 16

16.16 Number of returns in a symmetric random walk. Consider a
symmetric random walk starting out at x with two-sided restrictions a <
Sp < b. We want to find the mean number G(x,z) of returns to = (before
the walk stops at either a or b).

After starting at z, the walk can return to x with probability P(z,x)
found in 16.15. If it does return to z, it will evolve again starting from
x, as if nothing happened before. Hence, again the probability of return
to x is P(z,x). So, considering successive returns to x, we see that after
each return the walk can return again with probability P(z,x) or stop (die)
with probability 1 — P(z,z). It is therefore a sequence of trials till the first
success — the trials are returns and the “success” is the termination (death)
of the random walk before another return occurs. One can conclude that the
number of returns plus one is a geometric random variable. Therefore, its

mean value is
1 P(z,x)
G = = —1"
(z,2) 1—P(z,x) 1— P(z,z)

Example 16.8 once again. You play with a friend by flipping a coin. If it
comes up Heads, you win $1, otherwise you lose $1. You start with $10 and
plan to stop when your capital is $50. What is the mean number of times
that you get back to exactly $10 before the game ends either way?

Solution. We have
15/16
10,10) = ———— =1
¢(10,10) = 15/16

Note: it was not a good idea to set such a high goal ($50) in the first place:
this was a fair game where you started with just a ten. Your chances to win
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the entire match were 20% (Example 16.8). But now we see that before you
lose, you will come back to $10 as many as 15 times (on the average), so you
will have enough time to reconsider your goal...

16.17 Returns in a symmetric random walk without restrictions.
Consider a symmetric random walk starting out at x with no restrictions on
either side. We want to find the probability P(z,z) of ever coming back to
x and the mean number G(z, z) of returns.

We simply take the limit as a — —oo and b — oo in the expressions
obtained in 16.15 and 16.16. We get

P(z,z)=1 and G(z,z) =00

This means that the random walk starting at « will come back with probabil-
ity one, and it will do so infinitely many times. For this reason, the random
walk is said to be recurrent. In fact, the recurrence is consistent with the
diffusive character of the random walk observed in 16.3: the deviations from
x must always go both ways, left and right. In order to go from left to right
or vice versa the walk has to cross the point z.

16.18 Returns in a symmetric random walk without restrictions
in 2D and 3D. In 16.4 we mentioned random walks in plane (2D) and
space (3D). In each case the walk has the same probability to jump in each
available direction (1/4 on the plane and 1/6 in the space), so there is a
complete symmetry. The diffusive character of the walk consists of growing
deviations from x in all possible directions, as time goes on. But now, unlike
the linear case in 16.17, the walk does not have to cross x in order to change
the direction of deviation: it can come back close to x, go around x, and then
evolve in another direction, for example. So, it is not quite clear whether the
symmetric random walk in 2D or 3D is recurrent. You can make your best
guess.

The answer is that the 2D walk (on the plane) is still recurrent, the walk
comes back with probability one infinitely many times. But the 3D walk (in
the space) is not recurrent anymore. In 3D, the probability to come back to
the original point z is less than one (about 60%) and the average number of
returns is finite (less than 3).

This brings up a philosophical question: why do we live in a 3D world?
Is there any substantial difference between the 3D world and the 2D world,
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except the obvious lack of one dimension in the latter?” The probability
theory gives one substantial but not obvious difference: the nonrecurrence of
3D random walks. Maybe this has something to do with the physics of gases
and fluids...
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17 Poisson Process

17.1 Examples. In 4.17 we discussed a telephone operator that received
about 5 calls per hour, on the average. The incoming calls arrive at random
times, and the intervals between successive calls are random, too. In 12.6
we discussed state trooper patrol cars located on a long stretch of a highway
approximately one per 20 miles. This means that patrol cars can be located
anywhere, randomly, and “one car per 20 miles” just refers to an average
interval between patrol cars. The actual intervals vary, they are random.

These two examples have one feature in common: some events (points)
appear randomly on a line (the line can be a time axis). The location of
points is random, the intervals between points are random, too, and even the
number of points on any given segment of the line is random. All we know
is just the average rate at which those points appear, per unit length.

17.2 More examples. Many other practical situations fit that model well.
Customers arriving at a supermarket or a car repair shop make a random
sequence of arrival times on the time axis. Failures in a long cable line can
appear randomly at any point, and the number of failures is random, too.
Accidents on a long highway is another example.

17.3 Poisson process. Any random sequence (collection) of points on a
line with the above properties is called a Poisson process. We emphasize
the main features: points appear anywhere randomly and independently of
each other, all we know is the rate, or the average density of points per unit
length, we call it \,. The random points are often called the events of the
Poisson process.

17.4 Number of points on a given segment. Let (a,b) be a given
interval (segment) on the line, and denote by N, the number of random
points (events) in this segment. We have seen in Chapter 4 (see 4.17, for
example), that N, ;) is a Poisson random variable with parameter A(b — a).
Remember this:

N(ap) = poisson(A(b — a))

Also, if (a,b) and (c¢,d) are two disjoint (non-overlapping) intervals, then
Ny and N(.q) are independent random variables.

109



17.5 Waiting times (inter-arrival times). Intervals between successive
points in a Poisson process are called waiting times or inter-arrival times. If
0 < P, < P, < --- are the successive points (events), then Wy = P, Wy =
P, — Py, ... are waiting times. The term is motivated by the applications
where calls or customers arrive at random times, and between successive
arrivals the business “waits”.

Let us find the distribution function of a waiting time Wy = P, — P,_1.
We have Fiy, () = PWy < x) =1— P(W; > z). Now the event P, > z
precisely means that there are no points of the Poisson process on the interval
I = (Py_1,P.1 + x). The length of this interval is z, and the number of
points in it is a Poisson random variable Ny, according to 17.4. Therefore,

Az )0
P(N; = 0) = P(poisson(Az) =0) = ( 5) o _ A

We obtain
Fy(z)=1-PWy>2)=1—-P(N;=0)=1—¢

Thus, Wy is an exponential random variable with parameter A\. The param-
eter does not depend on k, so all waiting times have the same exponential
distribution, W} =exponential(A). Also, the waiting times Wy, Wy, ... are
independent.

17.6 Remark. Note: the parameter A of the Poisson process (the aver-
age density of events) serves as the parameter for both the Poisson random
variables involved in 17.4 and the exponential random variables involved in
17.5. This explains why we have denoted the parameters of these two types
of random variables by one symbol: A (this fact was noted in 6.12).

17.7 Remark. Let (a,a+T') be a long interval in the Poisson process. The
number of events on this interval is a Poisson random variable with param-
eter \T. Its mean value is \T. So, we expect, on the average, AT events
on the interval (a,a + T'). If we have N ~ AT points on the given interval,
they partition it into &~ AT subintervals (waiting times). Hence, the average
length of a waiting time is expected to be T/(AT) = 1/\. Is it correct?
Yes, the waiting times between successive intervals are exponential random
variables with parameter A\. The mean value of such a random variable is
exactly 1/A. So, all our estimates are consistent.
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17.8 Example. On a long stretch of a highway, accidents occur at a rate of
one per 20 miles. You drive a car on this highway and pass two accidents in
a row. What are chances that no more accidents occur within the next 40
miles?

Solution. By 17.5, the waiting times are independent of each other, so it
does not matter how many accidents you passed. The probability that the
interval to the next accident (“the waiting time”) is longer than 40 miles is

P(W >40) =1 — Fy(40) =1 — (1 — e *0) = ¢72

since A = 1/20 (one accident per 20 miles).

Note: if you enter the highway at any point, the distance from your en-
try point to the nearest accident would be the same, an exponential random
variable with parameter A = 1/20.

Example 17.8 continued. What are the chances that on a given stretch
of 10 miles of the highway more than one accident occur?

Solution. The number of accidents N on that stretch of the highway is a
Poisson random variable with parameter 10/20 = 0.5. Hence,

PIN>1)=1-P(N=0)-P(N=1)=1-¢e" —0.5¢°% = 0.09

17.9 Paradox. Suppose that, as in the previous example, accidents on an
east-west highway occur at a rate of one per 20 miles. Hence, the intervals
between accidents are exponential random variables and the average interval
is 20 miles.

Now suppose you enter the highway at some point P. The distance from
your entry point to the next accident to the east, call it W, is a “waiting
time”, so it has an exponential distribution with the mean value 20. At the
same time, the distance from your entry point to the next accident to the
west, call it W,,, is also a “waiting time”, so it has an exponential distribution
with the mean value 20, too. Hence, their sum W, + W,, has the mean value
20 + 20 = 40.

One the other hand, the sum W, 4+ W,, is exactly one interval between
two successive accidents! Hence, it is a “waiting time” itself. So, its mean
value must be 20, rather than 40. How come?
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17.10 Paradox solved. Actually, W, + W, has mean value 40, rather
than 20. Why? Because of the way we select that interval. Each interval
between successive accidents has mean value 20, indeed, but some intervals
are smaller and some other intervals are larger. When you enter the highway
at some point, you are more likely to hit a larger interval between successive
accidents than a smaller interval. This is quite clear. Therefore, this is not
a random interval, it is an interval selected with some preference, the choice
is “biased” toward longer intervals.

Making a preferred selection puts additional restrictions on the probabil-
ity distribution and changes the mean value and everything.

17.11 Poisson process in plane and space. Above we discussed Poisson
processes on a line. One can consider Poisson processes on a plane or in
space. If random points (events) occur on a plane, with a given average
density of A (per unit area), then we have a Poisson process on the plane.
Examples: accidents (or fires or crimes) that occur in a big city, mushrooms
that grow in a forest, etc.

If random points (events) occur in space, with a given average density of
A (per unit volume), then we have a Poisson process in space. Examples:
molecules in a gas or a fluid, explosions in the air during fireworks, etc.

17.12 Number of points in a given region. Let R be a given region on
the plane (or in space) where a Poisson process with the average density A
occurs. Denote by Ny the number of random points (events) of the process
in this region. Just as in 17.4, now Ny is a Poisson random variable with
parameter A\|R|. Here |R| is the area of R on the plane (or the volume of R
in space). So we have this:

Np = poisson(\|R|)

Also, if Ry and Ry are two disjoint (non-overlapping) regions, then Ny, and
Np, are independent random variables.

17.13 Problem. Let R; and R, be two overlapping regions. Then the ran-
dom variables Ng, and Ng, are dependent. Find their covariance Cov(Ng,, Ng,).
Solution. Denote by Dy = R; N Ry the common part of R; and Rs.
Let also D; = Ry \ Dy and Dy = Ry \ Dy. Now all the three regions Dy,
D,, and D, are disjoint. So, the random variables Np,, Np,, and Np, are
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independent. Also, obviously, Ng, = Np, + Np, and Ng, = Np, + Np,.
Therefore,

COV(NRNNRQ) = COV(NDO+ND1,NDO+ND2)
= COV(ND(),NDO) +0+0—|—0 = Var (NDO) = /\|D0|

In the last step we remembered that the variance of a Poisson random vari-
able with parameter \ was equal to \.

17.14 Problem. Suppose we have a Poisson process in space with average
density A. Pick a point O in space (call it the origin) and let X be the
distance from O to the nearest event in the process. Find the distribution
function of the random variable X.

Solution. We have

Fx(x)=P(X <z)=1-P(X > )

The condition X > x means that the nearest point (even) of the Poisson
process is farther than x (units of length) from the origin O. That is, the
ball of radius z, call it B,, contains no points of the process. Hence,

Fx(z)=1—P(Ng, =0)=1—e Bl =1 — o 3ama’

In the last step we used the fact from elementary geometry that the volume

of a ball of radius = was gwx?’.
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