
CONFORMAL GEOMETRY SEMINAR
The Poincaré Uniformization Theorem

Gilbert Weinstein

We will assume that all the manifolds M are compact and orientable unless otherwise stated. In
this first part of the seminar we will prove the Poincaré Uniformization Theorem.

Theorem 1 (Poincaré Uniformization Theorem). Let (M, g) be a compact 2-dimensional Riemann-
ian manifold. Then there is a metric g̃ = e2ug conformal to g which has constant Gauss curvature
constant.

1. Preliminaries

1.1. Geometry. A covariant derivative on a manifold M is an operator ∇XY on vector fields X
and Y satisfying for any smooth function f : (i) ∇fXY = f∇XY ; and (ii) ∇X(fY ) = f∇XY +
(∇Xf)Y . If g is a Riemannian metric on M , then there is associated with g a unique covariant
derivative ∇ characterized by: (iii) ∇XY −∇YX = [X,Y ]; and (iv) ∇X

(
g(Y,Z)

)
= g(∇XY, Z) +

g(Y,∇XZ). We define the Christoffel symbols by Γijk = dxi
(
∇∂j∂k

)
, where ∂i is a coordinate basis,

and dxi is the dual basis. The Christoffel symbols can be computed from:

Γijk =
1
2
gim(∂jgmk + ∂kgmj − ∂mgjk).

A curve γ is a geodesic if ∇γ̇ γ̇ = 0. Geodesics locally minimize arclength
∫
γ |γ̇|. A Riemannian

manifold is complete if there are no inextendible geodesics. In a complete Riemannian manifold,
any two points can be joined by a length minimizing geodesic. If M is a complete Riemannian
manifold, and x ∈ M , the map TxM → M sending each X ∈ TxM to the point γ(1), where γ is
the geodesic with γ(0) = x and γ̇(0) = X, is denoted expx, and is called the exponential map at x.
The radius of injectivity ix at x is the supremum over all R > 0 such that expx is non-singular on
BR(0) ⊂ TxM .

The Riemann curvature operator is defined by:

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.

The components of the Riemann curvature operator, or curvature tensor, are given in a coordinate
basis by:

Rijkl = g(R(∂k, ∂l)∂j , ∂i),

Rijkl = gimRmjkl = ∂kΓijl − ∂lΓijk + ΓikmΓmjl − ΓilmΓmjk,

The curvature tensor has the following symmetries:

Rijkl = −Rijlk = −Rjikl = Rklij , Rijkl +Riljk +Riklj = 0.

The Ricci curvature tensor is the trace of the Riemann tensor:

Rij = gklRikjl.

The scalar curvature is the trace of the Ricci curvature:

R = gijRij .
1
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The Laplace operator of g is:

∆gu = gij∇i∇ju =
1√

det g
∂i(gij

√
det g ∂ju).

Under a conformal transformation g 7→ g̃ = e2ug, the scalar curvature changes according to:

R 7→ R̃ = e−2u(R− 2(n− 1)∆gu− (n− 1)(n− 2) |∇u|2).(1)

A important special case is scaling, i.e.,u constant, say e2u = λ, in which case R 7→ R̃ = λ−1R. If
Σ is a hypersurface in M , then g induces a Riemannian metric g′ on Σ. The second fundamental
form h of Σ is defined by:

h(X,Y ) = −g(∇XN,Y ), hij = −∇iNj

where N is the outer unit normal to Σ, and X,Y are tangent to Σ. It is not difficult to see that h
is a symmetric tensor on Σ. We have the Gauss and Codazzi equations:

R′ijkl = Rijkl + hikhjl − hilhjk,(2)

∇khij −∇jhik = RlijkN
l,(3)

where R′ijkl is the Riemann curvature tensor of g′.
When n = 2, we have:

Rijkl = κ(gikgjl − gilgjk), Rij = κgij , R = 2κ,

where κ is the Gauss curvature. From (1), we now get:

κ̃ = e−2u(κ−∆gu).(4)

If γ is a curve in M , parametrized by arclength |γ̇| = 1, then we can choose the normal N so that
(γ̇, N) is positively oriented. Note that γ̈ = hN , since g(γ̈, N) = 0; h is the geodesic curvature of
γ. If γ is the boundary curve of a smooth domain Ω, we parameterize γ so that N points into the
exterior of Ω.

Theorem 2 (Gauss-Bonnet I). Let Ω be a bounded smooth simply connected domain in a 2-dimen-
sional oriented Riemannian manifold. Let γ be the boundary of Ω, and let h be the geodesic curvature
of γ. Then, we have: ∫

Ω
κ = 2π −

∫
γ
h.

Theorem 3 (Gauss-Bonnet II). Let (M, g) be a compact 2-dimensional Riemannian manifold, and
let χ be its Euler characteristic. Then, we have:∫

M
κ = 2πχ.(5)

Remark: χ is a topological invariant. In fact χ =
∑n

j=0(−1)jbj where bj is the j-th Betti number
of M .
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1.2. Analysis. The equation:

∆gu = f

has a solution, unique up to a constant, if and only if f has zero mean, i.e.,

f̄ = −
∫
f =

1
vol(M)

∫
M
f = 0.

More precisely, let W p
k (M) be the Sobolev space of functions u on M such that:

‖u‖pk,p =
k∑
j=0

∫
M

∣∣∇ju∣∣p <∞,(6)

and let W p
k,0(M) ⊂W p

k (M) be the subspace of those u with zero mean. The derivatives are meant
in the weak sense, so that if u, f ∈ Lp(M), then ∆gu = f means:∫

M
u∆gϕ =

∫
M
fϕ,

for all smooth test functions ϕ ∈ C∞(M). These spaces with the norms (6) are Banach spaces.
When p = 2, they are Hilbert spaces, and we write W 2

k (M) = Hk(M), and W 2
k,0(M) = Hk,0(M).

Theorem 4 (Sobolev Embeddings). Let (M, g) be a compact Riemannian n-dimensional manifold.
Then:

(i) If p < n, then W p
1 (M) ↪→ Lq(M) for all q ≤ np/(n−p). If q < np/(n−p), then the embedding

is compact.
(ii) If p > n, then W p

1 (M) ↪→ Cα(M) where α ≤ 1−n/p. If 0 < α < 1−n/p, then the embedding
is compact.

(iii) If p = n and u ∈ Wn
1 (M), then eu ∈ L1(M), and log

(∫
M eu

)
≤ C(1 + ‖u‖n1,n). Furthermore,

the map Wn
1 (M) ↪→ L1(M) given by u 7→ eu is compact.

Theorem 5 (Poincaré Inequality). Let λ1 > 0 be the first positive eigenvalue of −∆g. Then∫
M
u2 ≤ 1

λ1

∫
M
|∇u|2 ,(7)

for all u ∈ H1,0(M).

Proof. Let µ ≥ 0 be the infimum of
∫
M |∇v|

2 over the set S of all v ∈ H1,0(M) such that
∫
M v2 = 1.

Let vi be a minimizing sequence, then vi is bounded in H1,0(M), hence it has subsequence, say vi
again, which converges weakly to v ∈ H1(M). By Theorem 4, we may assume, by passing again to
a subsequence, that vi converges strongly in L2(M), hence also strongly in L1(M), to v, and thus
v̄ = 0, and

∫
M v2 = 1, i.e.,v ∈ S. Now, v 7→

∫
M |∇v|

2 is weakly lower semi-continuous on H1(M).
Indeed,∫

M
|∇v|2 = lim

i

∫
M
g(∇vi,∇v) ≤ lim inf

i

(∫
M
|∇vi|2

)1/2(∫
M
|∇v|2

)1/2

= µ1/2

(∫
M
|∇v|2

)1/2

.

Canceling, and squaring, we get that
∫
M |∇v|

2 ≤ µ, hence v is a minimizer in S. Note that µ > 0, for
otherwise, v would be constant, hence zero since v̄ = 0, in contradiction to v ∈ S. If u ∈ H1,0(M),
then

(∫
M u2

)−1/2
u ∈ S, and (7) follows with λ1 replaced by µ. To show that µ = λ1, note that for

some λ ∈ R: ∫
M
g(∇v,∇ϕ)− λvϕ = 0, ∀ϕ ∈ C∞0 (M).
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Since v̄ = 0, this holds also for all ϕ ∈ C∞(M), and by density for all ϕ ∈ H1,0(M). This is the
weak form of −∆gv = λg. The value of λ is found by setting ϕ = v. Regularity of v follows as in
Theorem 6. Thus, µ is an eigenvalue of −∆g, hence µ ≥ λ1. Let u1 ∈ S be an eigenfunction of
−∆g with eigenvalue λ1, −∆gu1 = λ1u1. Mutliplying by u1 and integrating by parts, we get that∫
M |∇u1|2 = λ1, hence λ1 ≥ µ. This shows that µ = λ1.

Theorem 6. Let (M, g) be a compact Riemannian manifold. Then, for all k ≥ 0, and 1 < p <∞,
the operator ∆g : W p

k+2,0(M)→W p
k,0(M) is an isomorphism

Proof. We will only sketch part of the proof for p = 2, k = 0, i.e.,we show that ∆g is an isomorphism
H2,0(M)→ L2

0(M). To prove injectivity, assume ∆gu = 0, multiply by u, and integrate by parts:∫
M
|∇u|2 ≤ 0.

Hence u is constant, and since ū = 0, it follows that u = 0. Continuity is straightforward. Conti-
nuity of the inverse will follow from the inequality

‖u‖2,2 ≤ C‖∆gu‖0,2.(8)

By a density argument, it suffices to prove (8) for u ∈ C∞0 (M). Write ∆gu = f . Multiply by u,
and integrate by parts to get:∫

M
|∇u|2 = −

∫
M
fu ≤ ε

2

∫
M
u2 +

1
2ε

∫
M
f2,

for any ε > 0. Pick ε = 1/λ1 where λ1 is the first positive eigenvalue of −∆g, and use the Poincaré
inequality, Theorem 5, to get:

‖∇u‖1,2 ≤
(

1
λ1

+
1
λ2

1

)1/2

‖f‖0,2.

It remains to estimate the second derivatives in L2. Differentiate ∆gu = f :

∆g∇iu = ∇if +Rij∇ju,

and take inner product with ∇u:

g(∇u,∆g∇u) = g(∇u,∇f) + Ric(∇u,∇u).

Integrating over M gives:∫
M

∣∣∇2u
∣∣2 =

∫
M
f2 −

∫
M

Ric(∇u,∇u) ≤ ‖f‖20,2 + Λ‖∇u‖20,2,

where Λ = max{−minM λRic, 0}, and λRic is the smallest eigenvalue of Ric with respect to g. This
completes the proof of (8). Note that this prove that the range R of ∆g is closed in L2

0(M). To
show that R is also dense in L2

0(M), assume now that f ∈ L2
0(M) is orthogonal R, then∫

M
f∆gϕ = 0, ∀ϕ ∈ C∞0 (M)

This implies that f ∈ H1,0(M). Integrating by parts, the same holds for all ϕ ∈ H1,0(M) by density.
Substitute ϕ = f to show that f = 0. It follows that R = L2

0(M). The proof for p = 2, and k ≥ 1
is similar. The proof for p 6= 1 requires estimates on the fundamental solution.
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If u ∈ Ck(M), we define

‖u‖k =
k∑
j=0

sup
M

∣∣∇ju∣∣ .
If T is a Hölder continuous tensor on M , we define:

‖T‖α = sup
x 6=y

∣∣P xy T (y)− T (x)
∣∣

dist(x, y)α
,

where the supremum is taken over all x 6= y in some convex neighborhood, and P xy is parallel
translation along the unique geodesic from y to x. The space Ck,α(M) is the space of functions
u ∈ Ck(M) such that ‖∇ku‖α <∞. The norm on Ck,α(M) is defined to be:

‖u‖k + ‖∇ku‖α.

The subspace of those functions u ∈ Ck,α(M) with mean zero is denoted Ck,α0 (M).

Theorem 7. Let (M, g) be a compact Riemannian manifold. Then, for all k ≥ 0, and 0 < α < 1,
the operator ∆g : Ck+2,α

0 (M)→ Ck,α0 (M) is an isomorphism

2. The Poincaré Uniformization Theorem

In view of the Gauss-Bonnet Theorem II, the proof is divided into three cases. Indeed, by (5),
the sign of κ̃ is determined by the topology of M .

2.1. Zero Euler Characteristic. In this case, we will conformally transform g to a metric of zero
Gauss curvature. In view of (4), we must find u such that

∆gu = κ.

Since
∫
M κ = 0, this equation has a unique solution with zero mean by Theorem 7. Furthermore,

since κ ∈ C∞(M), we have from Theorem 7 that u ∈ C∞(M). This completes the proof in the
case of zero Euler characteristic.

2.2. Negative Euler Characteristic. In this case, we will conformally transform g to a metric
g̃ of Gauss curvature κ̃ = −1. In view of (4), we must solve:

∆gu− e2u = κ.(9)

Note that the solution is now unique for if u and v are both solutions of (9), then

∆g(u− v) = e2v(e2(u−v) − 1).

Multiplying by u − v and integrating by parts, we get:
∫
M |∇(u− v)|2 ≤ 0, i.e.,u − v is constant,

which implies that u = v.
Since under a constant scaling g 7→ λg, we have κ 7→ λ−1κ, and κ̄ 7→ λ−1κ̄, we may assume,

without loss of generality, that κ̄ = −1. There is a unique function v ∈ C∞(M) such that v̄ = 0,
and ∆gv = κ+ 1. Let u = v + w, then we must solve:

∆gw − e2ve2w = −1.(10)

We will minimize:

F (w) =
∫
M

(
1
2
|∇w|2 − w

)
,

over the set of S of functions w ∈ H1(M), such that −@!@!@!@!
∫
e2ve2w = 1.
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If w is a minimizer, then by Lagrange multipliers, we have:∫
M

(
g(∇w,∇ϕ)− ϕ+ λe2ve2wϕ

)
= 0,

for all smooth test functions ϕ ∈ C∞(M). Taking ϕ = 1, yields λ = 1. Thus, w satisfies (10)
weakly. By Theorem 4 (iii), e2w ∈ Lp(M) for all p ≥ 1, thus ∆gw ∈ Lp(M) for all p ≥ 1. Pick
p > 2, then by Theorem 6, we get that w ∈ W p

2 (M), and hence by Theorem 4, w ∈ C1,α(M),
α = 1 − 2/p. Thus, ∆gw ∈ C1,α(M), and we now get w ∈ C3,α(M). By induction, we conclude
that w ∈ C∞(M).

It remains to show that F has a minimizer in S. Let µ = infS F . By Young’s inequality:

−
∫

(2v + 2w) ≤ log−
∫
e2v+2w = 0,

Thus
∫
w ≤ 0, and µ ≥ 0. Let wj be a minimizing sequence. Then ‖∇wj‖0,2 ≤ C, and −C ≤ w̄j ≤

0, for some constant C. It follows, using Theorem 5, that:

‖wj‖0,2 ≤ ‖w̄j‖0,2 + ‖w − w̄j‖0,2 ≤ C vol(M)1/2 + λ
1/2
1 ‖∇w‖0,2 ≤ C

′.

Thus, wj is bounded in H1(M), and has a subsequence which converges weakly to w. Using
Theorem 4 (i) and (iii), we may assume, by passing to a subsequence, that wj and e2wj converge
strongly in L1(M) to w and e2w respectively. It follows that −@!@!@!@!

∫
e2ve2w = 1, and hence

w ∈ S. Furthermore, as in the proof of Theorem 5, F is weakly lower semi-continuous on H1(M).
Thus, F (w) ≤ lim inf F (wj). We conclude that F (w) = µ, and w is a minimizer. This completes
the proof in the case of negative Euler characteristic.

2.3. Positive Euler Characteristic. Note that since b0 = b2 = 1, we get χ ≤ 2, and since M
is orientable, b1 is even. Indeed, by the Hodge Decomposition Theorem, each cohomology class
has a unique harmonic generator. If ω is a harmonic generator of the first cohomology of M ,
and ∗ is the Hodge dual, then ∗ω is also harmonic, and perpendicular to ω, hence it is another
generator, i.e.,generators of H1(M) come in pairs. Thus, we assume that χ = 2. In this case, we
will conformally transform g to a metric g̃ = e2ug of Gauss curvature κ̃ = 1. In view of (4), we
must solve:

∆gu+ e2u = κ.(11)

Note that the solution is not unique. Indeed, assume that M = S
2, and g = g0 the standard

metric. Then (11) becomes:

∆gu+ e2u = 1.(12)

If g̃ = e2ug is isometric to g, then u satisfies (12). A function φ : M → M is called a conformal
isometry if φ is an isometry and φ∗g = e2ug pointwise. The group of conformal isometries of (S2, g)
is the Lorentz group, a 6-parameter non-compact group. It follows that (12) has many solutions,
and in fact, arbitrarily large ones. To see this, write g in stereographic coordinates:

ds2 =
|dz|2(

1 + 1
4 |z|

2
)2 .

The conformal isometries are the bi-linear transformations:

f(z) =
αz + β

γz + δ
, αδ − βγ = 1.
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The conformal factor is given by:

e2u =
|f ′(z)|2

(
1 + 1

4 |z|
2
)2

(
1 + 1

4 |f(z)|2
)2 .

With the scaling f(z) = αz, α ∈ R, we get:

e2u =
α2
(

1 + 1
4 |z|

2
)2

(
1 + 1

4α
2 |z|2

)2 .

In particular, there are no a priori estimates for solutions of (11). We conclude that the method of
continuity cannot work.

The variational method also fails. As before, we can find v ∈ C∞(M) which satisfies v̄ = 0, and
∆gv = κ. Substituting u = v + w, to obtain:

∆gw + e2v+2w = 1.

However, the functional:

F (w) =
∫
M

(
1
2
|∇w|2 + w

)
,

has no lower bound on the set S of functions w ∈ H1(M) such that −@!@!@!@!
∫
e2ve2w = 1.

Instead, our approach will be the following. We will find a function v on M \ {x} such that
∆gv = κ, i.e.,e2vg has zero Gauss curvature, and we will then show that

(
M \{p}, e2vg

)
is isometric

to the Euclidean plane. Now, clearly there is a function w on M \{x} such that
(
M \{x}, e2we2vg

)
is isometric to

(
S

2 \ {p}, g0

)
. The last step will be to show that u = v+w extends smoothly to M .

Pick ε > 0 so that 2ε < ιx radius of injectivity of expx. Let ϕ ∈ C∞(M) such that ϕ = 1 on Bε(x),
and ϕ = 0 on M \B2ε(x). Let s be the geodesic distance from x, and define f = κ+ 2∆g(ϕ log s).
We will now show that f ∈ L∞(M), and −@!@!@!@!

∫
f = 0. Clearly, f is continuous on M \Bε(x).

Introduce in B2ε(x) normal polar coordinates (s, θ) centered at x:

gij dx
i dxj = ds2 + r2(s, θ)dθ2,(13)

Lemma 1. Let g be a smooth metric on a 2-dimensional geodesic ball BR(x) of radius R ≤ ix
centered at x, and let (s, θ) be normal polar coordinates centered at x, so that the line element of g
is (13). Then r = s(1 + s2ξ), where ξ ∈ C∞(B(x)).

Proof. Clearly r = O(s), hence it suffices to prove that dr/ds(0) = 1, and d2r/ds2(0) = 0 along
any radial geodesic from x. Let h = r−1dr/ds be the logarithmic expansion of the geodesic circles
s = constant; h is the ‘mean’ curvature of the geodesic circles and is also the geodesic curvature of
these circles. Thus, the Gauss-Bonnet Theorem I gives:∫

Bs(x)
κ = 2π −

∫ 2π

0
hr dθ = 2π −

∫ 2π

0

dr

ds
dθ,

which implies immediately that dr/ds(0) = 1. Furthermore, along any radial geodesic, we have:
dh

ds
= −h2 − κ.(14)

Contract the Codazzi equation (3) with respect to i and j:

∇k trh−∇jhjk = −RlkN l,



8

and contract again with the normal Nk to get:

∇N trh−Nk∇jhjk = −Ric(N,N).

Now, to obtain (14), note that Nk∇jhjk = −∇jNkhjk = −hjkhjk = − |h|2. Substituting h =
r−1∂r/∂s in (14), we now get:

d2r

ds2
= κr.(15)

Clearly, if r is a solution of (15), with r(0) = 0, we get d2r/ds2(0) = 0.

We have:

∆g(log s) =
1
r

∂

∂s

(r
s

)
,

which, in view of Lemma 1 is smooth. Since r/s = 1 +O(s2), we have∫
M\Bδ(x)

∆g(ϕ log s) = −
∫ 2π

0
2
∂

∂s
(log s)r dθ = −

∫ 2π

0
2
r

s
dθ → −4π,

as δ → 0. Hence taking the limit δ → 0, and noting that
∫
M κ = 4π, we obtain

∫
M f = 0, as

claimed. It now follows from Theorem 7 that there is a unique smooth function v̂ on M such that
∆gv̂ = f , and v̂(x) = 0. Set:

v = −2ϕ log s+ v̂, g′ = e2vg.

Then ∆gv = κ on M ′ = M \ {x}, and thus (M ′, g′) has constant Gauss curvature κ′ = 0, i.e.,is
flat. It is also easy to see that (M ′, g′) is complete. Indeed, setting t = 1/s, the metric g′ can be
written as: (

dt2 + (t2 + ξ)dθ2
)

(1 +O(1/t)) ,(16)

where ξ is bounded, hence any curve γ(t) =
(
s(t), θ(t)) through x has infinite length in the metric

g′. The universal cover (M̂, ĝ) of M ′ is a simply connected complete flat surface, hence isomorphic
to the Euclidean plane. Thus (M ′, g′) is the quotient of the plane by a totally discontinuous group
of isometries. The only totally discontinuous subgroups of the isometry group of the plane are
generated by translations. If the subgroup had two generators, then M ′ would be a torus, which
is impossible, since M ′ is not compact. If the subgroup had one generator, then M ′ would be a
cylinder, which is impossible, since it cannot be compactified by adding one point. Thus (M ′, g′)
is the flat plane.

Fix a point o ∈M ′, and let ρ be the Euclidean distance from o. Define:

w = − log
(

1 +
ρ2

4

)
, u = v + w, g̃ = e2ug = e2wg′.

Then g̃ has constant Gauss curvature κ̃ = 1 on M ′. However, using (16), it is easily seen that
|ρ− t| = |ρ− 1/s| is bounded in M \ Bε(x), hence w = −2 log s + O(s), hence u(x) = 0, i.e.,g̃
extends smoothly to M . This completes the proof of the Poincaré Uniformization Theorem.
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